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PREFACE

MOTIVATION

This book is aimed at those who are new to using finite element software for
mechanical or structural design. There are many textbooks that explain the theory
behind the use of finite elements in this context, but few that delve into the
subtlety of the modelling process itself. While an understanding of the theory is
vital to the successful use of finite elements, emphasis will be given here to the
practicalities of modelling. As well as describing the modelling process, exam-
ples—both simple test cases and real engineering problems—will be solved.

The text will consider in detail only the linear elastic small deformation
behaviour of structures. This restriction is necessary to limit the length of the
book, but it is justified as much of the analysis carried out by industry falls
squarely within this category. Some insight is given into more advanced analysis
techniques at the end of the book.

OBJECTIVES

After reading the material, a reader will be able to:

o understand the ways in which mechanical structures and devices transmit the
loads applied to them

e appreciate the historical development of the finite element method

# appreciate some of the theoretical background to the fundamental equations
that govern stress, strain and displacements

o follow the analysis process for a design

e model the geometry of a design on a computer

e define the mechanical properties of materials used in design {an open-ended
problem similar to the modelling of turbulence in fluids)

o begin to use finite element software to predict stresses and displacements within
designs for given applied loads

# have an understanding of the computer technology required to carry out an
analysis.

xi



Xl PREFACE
ORGANIZATION

Chapter 1 looks at the design process, how designs are evaluated, the use of
computers in this process and a historical review of the development of the finite
element method. Chapter 2 then develops the background to continuum
mechanics as it relates to the transmission of forces through a solid material,
developing the governing equations for equilibrium. strain and compatibility as
well as looking at material properties. Chapter 3 discusses the use of finite ele-
ments in producing numerical analogues to the equations that can be solved on a
computer. After this more technical material, the main core of the text, follows as
subsequent chapters look af the use and acquisition of the necessary hardware and
software and at the process of using the finite element method to obtain design
information. This is done by looking at this process in a series of stages: thinking
about the design problem; creating a computer model of the geometry of the
design; building a finite element mesh; applying boundary conditions; obtaining
a solution; and analysing the results. Finally, Chapter 10 looks at advanced
topics.

Throughout the text SI units have been used, with the exception that min
have been used for length in places. This useage should be c¢lear when the text is
read.

USING THE BOOK

This book is intended o be both an introductory guide and a working reference.
Students at both undergraduate and postgraduate level who are studying courses
on finite element methods may want to rezd the chapters in sequence, but those
who are modelling may just at some stage want information on a particular aspect
of the process of evaluating designs. For these readers we have tried to keep the
individual chapters as self-contamed as possible so that they may where necessary
be read in isolation. We have also attempted to keep the mathematics to a mini-
mum and to keep the introduction to the finite element method as general as
possible so that a wide range of people from student to practising engineer will
find the book of vse.

We hope that readers will find this book a suitable bridge between the com-
plementary arcas of continuum mechanics, numerical analysis and computing
that together enable computers to be used to evaluate designs. If some of the
pain that is currently found when building this bridge is reduced then our effort
will have been worth while.

Note thal to keep production costs to a minimum. only monochrome figures
have been used.



PREFACE Xiii
FURTHER STUDY

For some readers the presentation here will suffice, but others may want to learn
more about processes both in mathematical and physical terms. For those who
want to continue their learning into structural behaviour, several ways are open.
The first is simply to observe structures and think about why they deform as they
do. or why they are designed as they are. The second 1s to read other textbooks.
which can be of great help. Appropriate references are given throughout this book
to suitable texts. Finally, courses are often run by universities in the field of
structural mechanics, and it may be that one of these may provide the necessary
insight,
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side length of quadrilateral element, mm
generalized coefficients in Rayleigh-Ritz method
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side length of quadrilateral element, mm

elastic stiffnesses, Nmm ™

diameter of disk, lever arm, mm

diameter of bar, mm; objective function
Young's modulus, kN mm™*
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second moment of area, mm*
polar second moment of area, mm
determinant of [J] (the Jacobian)
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elastic stiffness, Nmm™
shear coirection factor
stiffness term, / is node number, ; is nodal displacement
directional cosines
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mass, kg
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number of degrees of freedom; number of Gauss points in numer-
ical integration schemes

shape function terms in matrix {N}

order, e.g. O(#°) is a term of order 4’

line load, N; number of concentrated load components

pressure load per unit length, N mm™"' per unit length

heat source, °C mm™>
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radius of curvature, mm

surface area, mm?
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temperature, °C; torque, Nmm
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displacement components in x-, y-, z-directions, respectively, mm
volume, mm®

weighted factors in numerical integration scheme

Cartesian coordinate system

body force components per unit volume in x-, y-, z-directions
respectively, Nmm ™

surface traction components in x-, y-, z-directions respectively,
Nmm™?

GREEK SYMBOLS

T3 M

ks Tt

I N
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generalized coefficient(s)
shear strain (€.2. v, Yics Vaz)

small bit of, finite element degree of freedom

change in length, mm, displacements due to external concentrated
loads

increment in time, s

direct strain (e.g. £,,¢,,¢-)

" isoparametric coordinate, damping factor(s)

angie of twist per unit length, rotational degrees of freedom, rad;
weighting factor

Poisson’s ratio

isoparametrnic coordinate, damping factor

sample points in numerical integration scheme

total potential energy functional
mass density, kgm ™

direct stress (e.g. 0y,0,,0-), Nmm~
shear stress (e.g. 7y, T;.:,’T_‘.:)., Nmm”~
Airy's stress function

natural frequency, Hz; relaxation factor
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RN~

Le]

if ok
m,H,0,p
max
min

axial loading

bending

damped

element

element number

labels for nodes

labels for nodes

maximum

minimiim

number of degrees of freedom, number of simultaneous equations



X¥i NOTATION

nat natural

new new value

next next value

old old value

0 initial value

i) concentrated load component
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X, )2 Cartestan coordinates
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MATHEMATICAL SYMBOLS

[ 1] rectangular or square matrix

{ vector or column matrix

[ 9" matrix transpose

[ 1! matrix inverse

3] partial differential

d total differential

{a} coefficients n Rayleigh-Ritz method

{b} general vector

fA] Vandermode matrix, gencral square matrix, system matrix
[B] spatiat derivative(s) of the field variable(s) arefB}{5°}

iC damping matrix

[D] material stiffness(es) matrix

[f] displacement function{s) matrix

{F} element force vector = {F,"} + {R°}

{F} global force vector

{Fq'} consistent element force vector due to distributed loading
{F(t)} forcing function vector

(] unit matrix

[] the Jacobian matrix

[k] element stiffness matrix

K] global or structure stiffness matrix

[L] lower triangular matrix

[M*] element mass matrix

[M] mass matrix

[N] element shape function matrix

{r} residual errors vector

{R} vector of applied load(s) correspending to displacement com-

ponents
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displacement components

upper triangular matrix

general vector

body force(s) per unit volume vector
surface traction(s) vector
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global nodal degree of freedom vector
etement nodal degree of freedom vector
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1

RELATIONSHIP BETWEEN DESIGN
AND FINITE ELEMENTS

In mechanical design some form of strength analysis is usually required as part of
the design process. Traditionally this has been done by simple engineering cal-
culations, but as product performance becomes more important and as designs
become more compiex so these simple methods have become inadequate. With the
increase in computational capacity and the availability of software that can pre-
dict loading for complex geometries and material behaviour so there has been an
explosion in the use of the finite element method both in academia and in indus-
try. To understand this growth and its implication for design, it is necessary to
look at what the design process is all about, with particular reference to the field
of mechanical engineering. By looking at the design process, it is possible to look
at how design solutions are evaluated and at where computer technology fits into
this process. Then the historical development of the finite element method can be
discussed, to illustrate the benefits of using this technology.

From looking at the design process it will become clear that to appreciate
fully both the background theory of the finite element method and the ways in
which it i1s used, analysts must have some understanding of the mechanics that
structures use to transmit loads. These mechanics can then be translated to a
mathematical form suitable for solution by computer. Chapter 2 develops the
understanding and Chapter 3 explains the transiation before the remaining chap-
ters show how the finite element analysis is carried out in practice.



2 USING FINITE ELEMENTS IN MECHANICAL DESIGN

1.1 THE DESIGN PROCESS

All around there are examples of artefacts that have been designed with their
mechanical properties in mind. For example, computers have a structure that
must be capable of transmitting the weight of the cathode ray tube and its asso-
ciated electromagnets through to the desk. While doing this the structure must
also not deform too much. Equally, the disk drive attached to the computer must
be able to withstand the loads imposed by the spinning disk and the moving heads
that read the data. Regardless of the product being considered, the process under-
taken by its designers from first thoughts to final design will be simtlar.

There has been much research into the stages that are followed during the
design process, but many people describe the process in similar terms. In parti-
cular, the key stages in the process (see Fig. 1.1) can be identified as follows:

e Recognition of a need, which may well come from market research or a request
1o tender in terms of a design brtef for a new or modified product or from other
sources such as the simple intuition of a designer.

e Definition of the problem or specification, where, from the starting point of a
design brief or whatever, a full technical specification of the desired product
must be developed through consuitation between designers and those who
want the product, for example those who sell into the market-place or the end-

Start+

Recognition of a need

Y

Definition of the problem

Y

Design synthesis

Y

Evaluation of preliminary designs

k

Detailed design

End +

Figure 1.1 The design process.
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users. Such a specification should contain all the relevant technical information
describing the product, covering a varicty of design considerations such as func-
tion. materials, appearance, environmental effect, product life, reliability, safety,
interchangeability, standardization of parts, maintenance and service require-
ments and costs. together with any constraints that the design must meet.
Further, the criteria that the design is to meet must be detailed. Itis worth noting
here that as well as essential items any desirable items must be specified too.

o Design synthesis, during which a variety of solutions are generated as rough
ideas. Here the gecometry of the product is most important and can be deter-
mined not only by the function of the product but also by the manufacturing
process or the material to be used.

o Fvaluation of preliminary designs, when each design is tested in some sense
against the specification. For example, this analysis of a design might include
simple physical testing or computer modelling, and should enable unsuitable
designs to be filtered out. Also optimization might be achieved through a review
of the designs, such that at the end of this stage a design that has the capacity to
meet the specification in full and is best in some sense should be availabie.

& Detailed design, when the winning design is specified in full, i.e. in terms of size,
materials, tolerances and shape, ready for manufacture.

A simpler version of this might consist of just four phases; clarification,
concept design, embodiment design and detail design, but, regardless of the
words used to describe the process, three key activities can be seen to be carried
out by designers. These are:

e generation of solutions to the design problem

e cvaluation of solutions to see if they meet the design specification

e communication of solutions, traditionally in the form of drawings, to many
pecple such as customers and manufacturers.,

In Fig. 1.1 the process progresses neatly from stage to stage. In reality, how-
ever, it is an inherent feature of the process that some form of iteration will take
place. For example, problems might be found during the later stages because there
is a lack of definition within the specification. If this lack of definition did not exist
then there would be little or no scope for engineers and designers to be ingenious
in generating solutions. However, it might mean that a review of the design
specification is necessary and so the process loops back towards the start again.
Also, none of the design solutions may meet the specification and so a rethink
may be necessary.

When several designs are found that meet the specification the process
changes into the search for the so-called optimal design. This is the one that is
seen as best in some sense. Agam iteration might be required to refine the best
design still further.

It is worth noting that this might be considered a traditional view of the
design process, as recent thinking considers the embodiment of the design process
wittun the whole product life cycle. This is known as simultancous or concurrent
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engineering, where the design process takes into account not only the market into
which the product must be launched, but also the manufacture of the subassem-
blies of the product and the final assembly. By doing this costly mistakes should
be avoided and the product lead time reduced.

1.2 EVALUATING DESIGNS

In the evaluation process, all designs have to be checked for conformance with the
specification. Clearly the specification has to be sufficiently detailed for the eva-
lnation process to determine which designs meet the specification and which do
not.

The list of areas covered in a typical specification indicates that various
evaluation techniques may need to be used. In particular, the function category
may include;

e strength under load

e displacement of the structure under load
e thermal behaviour

e fluid flow properties

e e¢lectrical/electronic behaviour.

All of these can be described as properties of the physical behaviour of the
design. This book, however, is about the use of finite element methods in mechan-
ical design—the design of the physical structure to carry an applied load or loads.
Consequently the text is concerned with the use of continuum mechanics in
determining such things as

the strength of a structure

the displacement of parts of the structure when loaded

the effect of heat on internal stresses and displacement

the optimal {minimum) thicknesses of material for a given displacement
the fatigue life of a structure (or product life}

the dynamic response of a structure

crash worthiness.

1.3 USING COMPUTERS FOR DESIGN EVALUATION

For computer technology to be adopted at any stage of the design process there
must be some benefit to the process as a whole. As the acquisition of the technol-
ogy is fairly expensive these benefits have to be compared to the investment. For
example, the following skills are required by a designer or enginger;

e Analysis Where physical or numerical experiments are carried out and the
results are used for decision-making.
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e Reasoning Where logic and intellect are used to produce a reasoned argument
for following certain decisions. This is often deveioped through experience in
engineering design.

o Storage and handling of dara Where information is processed, both as input to
a system and as output.

e FError handling Where errors to a given tolerance must be detected and
corrected.

By adding computer technology to the armoury of the designer, the best
human qualities of the designer can be linked by the best qualities of the compu-
ter. For example, humans excel at reasoning, developed from experience, error
handling and the practical aspects of analysis. Equally, computers are far better at
the storage and handling of data and the numerical aspects of analysis where
repetitive calculations have to be made. The combination of these two, ie.
designers who use modern computer technology, should be able to produce design
solutions more quickly and more accurately than would be possible if designers
were to work without computers.

In summary, the benefits of using computer-aided design tools are as follows:

& increased design efficiency and effectiveness because repetitive tasks are carried
out by the computer

e simplification of the design process by using an integrated data storage system,
allowing many people access to relevant information when they want it

o economy of material and labour through a reduction in the amount of prototype
building and testing required

o better documentation through computer-generated drawings, bills of materials,
parts lists, work schedules and so on

1.4 TYPICAL DESIGN SITUATIONS

Section 1.2 listed some typical properties of a structure that might be of interest to
a designer. In both aircraft and road vehicle design these properties need to be
known before the first prototype flies or is driven on the road. Looking at each in
wirn:

o The strength of a structure needs to be known so that failure loads can be
predicted. It is no use having an aircraft that cannot support its own weight
when fully laden with fuel and passengers. Consequently calculations are car-
ried out to predict the internal stresses in the wing structure when the aircraft is
generating sufficient lift for certain manoeuvres plus an additional safety factor
of load. At this condition the internal stresses should not lead to any failure of
the material.

o The displacement of parts of the structure when loaded needs to be known. For
example, the deflection of the wing tips of an aircraft when the wing is full of
fuel will determine, in part, the design of the undercarriage.
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o The effect of heat on internal stresses and displacement 1s particularly important
in the area around the engine or engines. Hence, the displacements and loads
due to the heating of the structure both of the engine itself and the surrounding
vehicle body need to be determined.

o The optimal (minimum) thicknesses of material for a given displacement can be
crucial to the handling characteristics of a road vehicle. For example, when
designing an open-top version of a saloon car the removal of the roof makes
the body shell much more flexible. Engineers need to know how much extra
material will be needed in others parts of the structure to return the body shell
to an acceptable level of stiffness. By calculating the displacements of some
extremity of the shell under a given load for vartous configurations, the stiff-
ness of the shell can be predicted as a function of the material added.

o The fatigue life of a structure {or product life) can be predicted by calculating
the mean stress in the structure and the operating stress range seen at a known
frequency. This might occur, for example, when an aircraft lands and standard
design tables give the life of the structure before cracking initiates.

o The dynamic response of a structure is calculated to enable any resonances of
the structure to be determined. This occurs if the structure is excited at
frequencies close to the natural frequencies of the structure.

e Crash worthiness is particularly important for road vehicles and, in fact, a
standard crash test must be carried out on at least one vehicle of each type
before approval is given for the vehicles to be sold to the public. Predictions of
the behaviour of the body shell are routinely made to assist in the design of the
vehicle substructure that must absorb the energy of impact.

From these examples it can be seen that the ways in which mechanical designs
carry and transmit appiied loads to the supports are very important and need to
be considered at an early stage in the design process. As the geometries are so
complex, manual methods of calcutation have proved difficult to apply and so a
combination of manual and computer methods has become common.

L5 HISTORICAL REVIEW OF OBTAINING STRUCTURAL
DESIGN SOLUTIONS BY COMPUTER

1.5.1 The Computer Methods Available

In Chapter 2 the equations of equilibrium (2.5), compatibility {2.12) and stress—
strain (2.15) will be developed for problems in linear static elasticity with small
deformations. It is the solution of these partial differential equations with appro-
priate boundary conditions, i.e. loadings and restraints, that provides information
that is useful to engineers when carrying out mechanical design. When the
problem has simple geometry and simple boundary conditions these partial dif-
ferential equations can be solved to provide classical solutions. In these cases the
solution functions, for example Airy’s stress functions in Sec. 2.3.2, are described
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in the form of series expansions and at every point of the structure they satisfy
equilibrium, compatibility and the boundary conditions.

Most engineering designs, however, are toc complex for this classical
approach. For e¢xample, a structure may have spatially dependent material prop-
erties if different materials are used; the geometry may be irregular in some sense
or the boundary conditions may be complex. In all these examples no solution
functions exist and so solutions can be achieved only by resorting to an approx-
imate numerical method.

There are three numerical methods that are commonly used to solve partial
differential equations throughout a three-dimensional domain. These methods
are:

e the finite element method
» the finite difference method
e the boundary integral or boundary element method.

Of the three methods, the finite element method has become the most widely
used when solving structural problems n both industry and academia, There has
been a sustained research effort into the finite element method since 1960 and
numerous commercial finite element programs are now available. Since then the
range of problems being routinely solved has grown, starting with the original
application of finding static elastic solutions, to embracing even those problems
which possess large deformations and dynamic plasticity.

It is worth a note here to explain some of the philosophy behind the finite
element method. Essentially, any preblem can be split up inte any number of
smaller problems. With the finite element method this is done by considering that
a complex geometrical shape 15 made up of a number of simpler shapes. For
example, a circle might be approximated by a series of triangles in an attempt
to calculate the area of the circle. This is known as spatial discretization, with each
simple shape being known as an element and the whole coltection of elements
being known as a mesh. Within each element the relevant property of the element
is predicted, say its area in the case of the triangles approximating a circie, or the
relationship between forces and displacements for a structural element. This is
done without any reference to other elements in the mesh. Here, people talk of
forming the element equations, often by assuming known values of properties at
fixed points on the elements known as nodes. Then the properties of all the
elements and the interactions between them are taken into account by assembling
the element equations and finding a solution to them. In the case of the area of a
circle, the element equations calculate the area of the triangles and the solution
process adds these together to predict the area of the triangle. Clearly, as more
triangles are considered, the area predicted approximates ever more closely the
area of the circle, which is known as the convergence of the solution.

While the interested reader will find many texts, conferences proceedings,
journal papers and review articles concerned with applications of the finite dif-
ference method and boundary element method to structural problems, this book
focuses on the finite element method. As will be seen from this historical review,
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developments in mathematics, engineering and computing as shown in Table 1.1
have led to the finite element method’s predominant position among the numer-
ical solution methods. Inevitably, the review introduces mathematical terms that
may not be familiar to the reader and a better insight into the historical develop-
ments may come after reading Chapters 2 and 3. The review is positioned here, to
set the scene for the development of the underpinning principles of elasticity and
the finite element method.

1.5.2 Some Developments Before 1945

The governing equations of compatibility, equilibrium and stress-strain relation-
ships through material properties were developed well before 1830 by Lamé and
Clapeyron. At this time digital computers did not exist and numerical methods for
solving partial differential equations were only in their infancy, and so there were
very few ways of obtaining useful engineering solutions. As will be discussed in
Sec. 2.3, the only way forward for engineers was either to consider simple

Table 1.1 Developments in mathematics, engineering and computing (1830-1980)

Year Mathematics Engineering Computing
1830 Governing equations Use of classical methods
developed

1840

185¢

1860

1870 Calcutus of variations

1880 Use of subregions in
structure

1890 Direct stiffness method for
frames

1500

1910 Rayleigh-Ritz method

1920 Galerkin method

1930

1940 Use of triangular regions  Digital computer

1950 Use of bars
Stiffness method

1960 Energy methods

1970 Commerical software
appears

1980
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structures such as bars and beams or to use the stress function approach for a
two-dimensional and, on occasions, a three-dimensional continuum.

To progress further, developments in the engineering approach to finding
solutions, in the mathematics of solving partiai differential equations and in
computing technology needed to be made. The first part of the jigsaw was pro-
duced by Rayleigh in 1870 when he developed a method for solving partial
differential equations based on the minimization of potential energy through
the calculus of variations. The only formal difference between this method and
the Rayleigh—Ritz method, which was a mathematical stage in the development of
the finite element method, is the number of unknowns. In the Rayleigh method
the assumed distribution for the unknowns (e.g. displacements of a structure)
have a single term only, whereas the Rayleigh-Ritz method can have as many
terms as necessary.

Advances soon followed in the handling of the structural problem. In the
1890s engineers moved away from looking at the structure as a single unit, the
approach of the method of classical elasticity, where the stress functions are found
that satisfy the boundary conditions and alsc describe exactly the stresses, strains
and displacements throughout the whole of the single structure. The new
approach was to model the continuum, or structure, as an assembly of simple,
structural subregions whose behaviour could be readily described by algebraic
cquations. Such a spatial discretisation process is natural to engineers and has
been used extensively in structural problems ever since.

The most frequently used of these methods has been the direct stiffness
method associated with structural engineering where buildings and bridges are
often designed from slender members. In this area typical problems are analysed
as plane frames (skeletal structures), i.€. using one-dimensional beam, torsion and
bar members, as will be introduced in Sec. 2.3, and later as finite elements, as will
be described in Sec. 3.6.1. Hence it can be seen that, in principle, the method
allows complex structures to be analysed providing that the numerical manipula-
tion to solve the algebraic simultaneous equations can be dealt with by hand. Here
the development of iterative procedures, such as the moment distribution by
Cross (1930) and the relaxation method by Southwell (1940}, has benefited the
design engineer by enabling solutions to be produced for modest numbers of
unknowns without the digital computer. When the computer became available
it was logical that engineers would implement the direct stiffness method and this
has led to a number of refinements. Traditionally, the connections between mem-
bers have been assumed to be fully fixed, but recently torsional spring elements
have been included to mode! practical connections in steel frames, known as
*semt-rigid” connections. Refinement of the method allows the analysis to include
secondary effects due to changes in the position of the loading as the structure is
deformed.

In 1909 Ritz developed the Rayleigh—-Ritz method of solving partial differ-
ential equations and because of its importance this will be presented in Sec. 3.1.2.
This is a generalization of the earlier variational method of Rayleigh. In this
method, engineering problems involving the structural continuum can be solved
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by applying the principte of minimum potential energy to the single body
problem, using a simple continuous approximating distribution for the
unknowns, which were usually the displacements. Galerkin (1915) showed how
such approximate solutions could be derived directly from partial differential
equations, leading to the powerful weighted residuals method known as the
Gaterkin method. This is suited to field problems for which the partial differential
equations are known but for which a variational statement cannot be found.
Examples of such problems are incompressible viscous fluid flow and electromag-
netic field theory.

At around the same time, Richardson (1910) used the finite difference method
to approximate partial differential equations directly by using the values of the
unknowns at points of an imaginary grid to form the derivatives. He used the
technique to perform a plane strain analysis of the Aswan Dam. While finite
difference procedures have been developed to solve complex problems, they
have not become as popular as finite element procedures. There are a number
of reasons for this, but in the main the finite difference method is not as good at
modeiling complex geometries as the finite element method owing to its need for a
rectangular grid of points.

It was not until Courant (1943) proposed the idea of using locally defined
simple linear distributions defined by specific values at the nodes, in his case for
stresses, over a triangular subregion that the forerunner to modern finite elements
was developed. His contribution preceded the modern computer and therefore fay
dormant until its rediscovery long after the establishment of finite elements.

Clearly, engineers wanted to model a continuum using an assembly of simple
structural elements, thereby reducing the problem to a set of simultaneous equa-
tions. While the earliest models preceded the modern computer, they were limited
to modelling plane frame problems with regular grids of bars or beams. This
approach was used by Hrenikoff (1941) and McHenry {1943) who both proposed
to approximate the material of an elastic continuum by a lattice of simple bars.

1.5.3 Aircraft Design as a Driving Force (post-1945)

One of the main driving forces in the late 1940s for the development of structural
analysis techniques was the need to predict the structural behavicur of aircraft
wings. With known materials and simple wing forms the existing analysis methods
were adequate, but the increase in aircraft speeds towards and beyond supersonic
led to swept and delta wings being proposcd. Analysis of these structures was not
possible with the existing methods and so new methods had 10 be developed.
When the stiffness of each subregion is based on an assumed simple stress
distribution determined using the forces at the nodes, which are the unknowns to
be found, the method i1s known as the force matrix method. However, if the
displacements of each node are taken as the unknowns, with an associated simple
distribution of displacement assumed throughout the subregion, the method is
called the stiffness method, and this method was developed by Levy (1953). It
was further developed by Turner, Clough, Martin and Topp (1956) who made
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the major advance of discretizing the continuum fully using an assembly of
continuum subregions (or elements) of arbitrary triangular (Fig. 1.2} or quadri-
lateral form. The domain of the problem, the volume of the physical material
itself, was divided into a number of subregions which were considered to be
interconnected only at vertices or corners, which are nodes used to define the
continuum (Fig. 1.3). Both force and stiffness matrix methods assume a simple
piecewise continuous distribution for the unknowns throughout the element.
Usually, polynomial functions are used, but occasionaily sine and cosine func-
tions are also used. These functions within an element are known within the finite
element method by a variety of names such as trial functions or interpolation
functions, but here they will be referred to as shape functions. Their existence and
the restrictions on their form are fundamental to the success of the finite glement
method and so these will be discussed further in Sec. 3.5.

While there are a number of methods to determine the characteristics of finite
elements—the element stiffness marrix, [k), and the element force vecror, {F°}, in
solid mechanics—by 1960, energy methods which assume a simple displacement
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Figure 1.2 A two-dimensional three-noded triangular clement.

¥

Figure 1.3 An irregunlarly shaped plaie discretized by three-noded triungular elements.
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distribution throughout an element had become the standard technique. An
important contribution was made by Argyris and Kelsey (1960) who used energy
theorems in modelling single triangular and quadrilateral aircraft panels, but the
first comprehensive treatment of rectangular finite elements generated by an
energy method had been given by Szmelter (1958).

These energy methods came out of a branch of mathematics known as the
calculus of variations, developed by Rayleigh (1870), and so it can be seen that the
wheel has nearly turned full circle, combining mathematics with engineering
approaches to produce a workable method for engineering problems in structural
design. An explanation and interpretation of this branch of mathematics for the
finite element method is outside the scope of this text.

If there is a conservative structural system, i.e. one where the work done by
internal forces and the work done by external loads are independent of the path
taken, it can be shown that the equilibrium configuration is found by analysis of
the potential energy of the system. From the calculus of variations, the variational
formulation gives the principle of minimum potential energy for small displacement
theory of elasticity. In Chapter 3, the finite element representation of this principle
will be developed for [k} and {¥*} and their whole-structure equivalents [K] and
{F}. This principle can be regarded as equivalent to the virtual work principle.

So it can be seen that the energy content of a conservative system can be
expressed in terms of its configuration without reference to how the system reached
its present configuration. Potential or total potential energy includes the strain
energy of deformation and the potential possessed by the loading, by virtue of
its having the capacity to do work if it moves through a distance. The principle of
minimum potential energy (principle of stationary potential energy) states that

Among all admissible configurations of a conservative system, those that satisfy the equations of
equilibrium make the potential energy stationary with respect to small admissible variations of
displacement.

It is this property of the potential energy that allows us to determine finite element
characteristics. Note that the principle is not limited te linear elastic behaviour,
but its extension to nonlinear behaviour will be covered only briefly in Chapter 10.
Expressions for the potential energy of a structure are integral expressions, called
functionals. Such functionals implicitly contain the differential equations that
state the problem. Whereas the differential equations of classical elasticity
(Chapter 2) state a problem in a strong form the integrals state it in a weak
form. The strong form states conditions that must be met at every point in the
structure, whereas the weak form states conditions that must be met only in an
average sense. This statement indicates that a loss in accuracy must be expected in
a finite element analysis, and that it will not necessanly give identical results to a
classical solution, if the latter exists. In Sec. 3.1 the steps taken when using the
energy method to obiain a general matrix expression for the [k] and the {F*}, as
defined later in Eq. (1.1), will be discussed. Further details on functionals and
their interpretation are to be found in many of the texts referred to in this chapter
and Chapters 2 and 3.
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1.6 OVERVIEW OF THE MODERN FINITE ELEMENT METHOD

The work of Turner et al. (1956) can be considered as the birth of the ‘finite
element method’, and the name was first used by Clough (1960) who saw a
mode] as consisting of a finite number of elements (or subregions). Now, however,
the modelling approach of the finite element method must be discussed so that the
basic mathematical method which determines the finite ¢lement characteristics can
be produced. Here, finite elements based on simple stress shape functions (i.e. the
force method) will not be dealt with, as the most commonly used elements are
based on displacement shape functions (i.e the stiffness method).

The basic idea behind the finite element method is to construct a structure
from a finite number of elements, and, as will be demonstrated, these elements
may be one-, two- or three-dimensional. In Sec. 3.6.2, the development of the
stiffness matrix (k] for the three-noded two-dimensional triangular element, as
shown in Fig. 1.2, will be shown. When a two-dimensional structure (plane stress
and plane strain are defined in Sec. 2.3.2) is constructed of hundreds or thousands
of these non-overlapping straight-sided triangles connected at their vertices, it can
be seen that all planar geometries can be accommodated. Figure 1.3 shows how an
irregularly shaped plate can be discretized into a number of finite elements. At the
vertices of the element in Figure 1.2 there are three nodes (i, j, k). These nodes
define the elements that discretize the continuum; forces are transmitted by these
nodes from one element to the next. The forces acting at the nodes are uniquely
defined by the displacements of these nodes, the distributed loading acting on the
element, and its initial strain (¢.g. temperature, shrinkage, ‘lack of fit’). To find the
stresses, strains and displacements within the interior of the element, simple dis-
placement functions (the assumed simple displacement distributions) with nodal
displacements as the primary unknowns are used to provide a means of interpola-
tion.

For those readers familiar with the direct stiffness method, recall that the
behaviour of an element is defined by the matrix equation

{F} = kI{3°} (1.1)

in which {F°} is the nodal force vector and {8°} is the nodal displacement vector
containing the element degrees of freedom. The symmetric, positive definite,
matrix {k] is the element stiffness mairix, whose physical meaning is contained
in the following statement:

the jth cotumn of [k| is the vector of loads that must be applied to nodal displacements in order to
maintain the deformation state associated with unit values of displacement ; while all other nodal
displacements are zero.

For the three-noded triangular element in Fig. 1.2, the nodal displacements can be
considered to be made up of two independent displacements. Similarly, two inde-
pendent forces can be assumed to act at each node. These independent quantities
are usually defined in terms of a Cartesian coordinate system, i.e. both forces and
displacements have components in the x- and p-directions, such that at node / the
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nodal displacements are »; and v; and the nodal forces are F; and F,. By the same
reasoning, the element vectors {F®} and {8°} have six terms and thus [k] isa 6 by 6
matrix. Each nodal displacement in {8°} is one of the degrees of freedom for the
¢lement and so our triangular ¢lement has a total of 6. It is the formulation of the
terms in the finite element characteristics [k] and {F°} that is fundamental to
the finite element method, and Sec. 3.4 discusses in detail the methods available.

There are two principal reasons why the method has become the preferred
numerical method to solve linear static structural problems using many discrete
points {i.e. nodes) in modelling, and these are:

1. Once the stiffness and nodal force vector matrices in terms of geometry, nodal
caordinates and matenal properties for an element type are known, the cal-
culation of their terms for each occurrence of that element in the model is
straightforward.

2. It is a simple process to take the individual element stiffness matrix and nodal
force vector and then construct and solve the algebraic equations for the
whole structure.

In matrix notation the equation representing the whole structural probiem is
{F} = [K|{3} (1.2)

in which both the vector of nodal force, {F}, and the vector of nodal displacements,
{8}, have n terms. [K] is the stiffness matrix (sometimes prefixed by global or
structure) having 1 by n terms. Tt is not uncommon for models of commercial
problems to have the number of degrees of freedom » in the order of tens of
thousands, these being the combination of all the individual element degrees of
freedom (each of which provides components in their {6°}).

The procedures used in commercial software to generate the element
characteristics and algebraic equations, to apply boundary conditions to them,
and to solve for nodal displacements and element stress will be given later in Secs
3.6-3.9.

1.7 INDUSTRIAL IMPLEMENTATION AND RESEARCH
IN FINITE ELEMENTS

Having given an engineering insight into the historical development of the finite
element method, it is now time to discuss some of the other advances since 1870
that have contributed to making the method so successful in industry and acade-
mia. From the above discussion it can be seen that any structural problem can, in
principle, be solved using the finite element method if a mathematical method is
available to derive the element stiffness and element force matrices for a structural
problem under consideration. From our knowledge of classical elasticity, as will
be outlined in Chapter 2, it seems sensible to apply this method to the calculation
of finite element equations. A classical solution requires its functions (e.g. Airy’s
stress functions) to satisfy, at the same fime, not only the differential equations
but also both displacement (or essential ) and the stress {(non-essential or natural)
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boundary conditions. Consequently, solutions are found only for a complete
structure and are limited to structures with simple geometries and boundary
conditions. Such a restriction means that classical elasticity cannot be used to
find the [k] for a small subregion in the interior of a structure.

An important method for deriving element stiffness matrices [k] is the direct
method that is based on physical reasoning. It is limited to simple linear elastic
elements such as a bar and a pure bending beam with constant properties along
their lengths. Note that such elements are identical to those used in the direct
stiffness matrix method. Attention to this simple method is often found in texts
becanse it enhances the reader’s understanding, but real structures cannot often
be modelled using such simple elements so alternative methods are sought to
develop [k] when shape, material properties and behaviour are more complex.

Both variational and weighted residual methods have been developed to
derive (k] using piecewise continuous distributions for the nodal unknowns. For
structural mechanics problems it is observed that the finite element characteristics
are identical whichever of the two methods is used.

An interesting revelation to come out of the historical development before
1960 is that many methods, in different branches of mathematics, were indepen-
dently developed, and that these were later brought together in the finite element
method as the digital computer made its impact in permitting a direct solution of
quite large systems of algebraic equations. As the 1960s progressed major
advances took place in development and research, and these were accompanied
by a growth in the number of publications from 10 in 1961 to 331 in 1969. The
first textbook on the subject was written in 1967 by Zienkiewicz and Cheung. An
exponential growth in research, development and publications continued in the
1970s. Specific journals for papers on numerical methods in engineering were
created and their number and size have continmed to grow ever since.
Commercial finite element programs appeared in the market-place in the 1970s
and the pace at which the finite element method has been allowed to develop
mirrors the increasing capacity of suitable computing hardware up to the current
situation described in Chapter 4.

The status today is that the annual contribution of papers continues to grow
and it is estimated that some 5000 papers are published each year. Also, while
mathematicians continue to put the method on firm theoretical ground, engineers
continue to find new applications and extensions in many fields. The range of
problems solved by structural finite element analyses has become extensive such
that commercial programs can, for example, analyse successfully the behaviour of
highly nonlinear plastic structures under impact. NAFEMS (Naticnal Agency for
Finite Element Methods and Standards) in the United Kingdom has estimated
that some of the major companies writing finite element sofiware now have an
annual turnover of some £50m each. From this it is estimated that the total
annual investment is around £1 billion.

Future research will, no doubt, concentrate on tools to aid the design engineer
such as error estimation and adaptive analysis. The number of algebraic equations
to model a problem will also get larger and this will concentrate development on
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stable iterative procedures, the use of parallel processors and a return to model-
ling with simple elements.

Recently there has been a development in the monitoring and controlling of
programs. Users of finite element packages may be so impressed by the versatility
of the pre- and post-processing features available that modelling and analysis
limitations are ignored. As many of the commercial programs do not have accu-
racy estimation built-in, so users must learn by experience to produce accurate
solutions. It can be reasonably assumed that ail packages contain bugs either in
terms of implementing wrong modelling assumptions or by introducing incorrect
coding. To help users with problems when solving in real commercial situations,
organizations such as NAFEMS and sitmilar bodies in the United States have
been formed. The publication of benchmark examples by these authorities for a
range of problems has enabled users to test the accuracy of their own modelling
technique when using software.



RELATIONSHIP BETWEEN DESIGN AND FINITE ELEMENTS 17
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Timoshenko (1953). Slender members are discussed by Coates, Coutie and Kong
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Southwell (1940) and Shaw (1992).

For a review of the development of finite element methods, see Hrenikoff
(1941), Courant (1943), McHenry (1943), Levy (1953), Turner er al. (1956),
Szmelter (1958), Argyris and Kelsey (1960), Clough (1960), Zienkiewicz and
Cheung (1967), Martin and Carey (1973), Washizu (1982), Norrie and de Vries
(1976), Reddy (1984), Cook, Malkus and Plesha (1989), Zienkiewicz and Taylor
(1989), NAFEMS (1992) and Cook (1995).
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STRUCTURAL MECHANICS

This chapter discusses the ways in which structures behave when they are sub-
jected to loading. At first the development will be intuitive, but then a mathema-
tical development of the description of a structure’s behaviour will be given. Here
the class of behaviour considered is that of small deformation of structures of a
single material that is isotropic and generally linear elastic. Once a general math-
ematical description is available, the description may be simplified in certain
situations and some of these simplifications will be outlined. In particular, it
will be shown that manipulation of the general description leads to the simple
formulae that engineers are taught during their first courses in structural
mechanics. It is the solution of the equations of this same general description
that computational methods such as the finite element method have been devel-
oped to solve. The chapter concludes with an outline of how problems in struc-
tural design are described.

Development of the finite element equations will be covered in Chapter 3
and the presentation of advanced topics such as time-dependent and nonlinear
behaviour will be left unti! Chapter 10.

2.1 THE USE OF LOAD-BEARING STRUCTURES

There are examples of the use of load-bearing siructures all around, but de people
ever think about what the structures are actually doing? As the answer to this is
probably ‘no’, the behaviour of load-bearing structures must be considered in
some detail. Take, for example, a floor supporting a weight such as a person
sitting on a chair, or shelves that are used to carry heavy books. In each of

18
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these cases the structure acts to hold items, and itself, in place against the effects
of gravity loading.

All objects have a mass, and an object’s weight is the effect of gravity on the
mass. This weight is a body force (i.e. internal load) and it acts on and 15 resisted
by the structures mentioned above. If the structure can provide an equal and
opposite force to that due to gravity, then the total force on the object will be
zero and, if it is at rest, the object will remain at rest and stay in position.

Commonly, there are two parts to the load. A structure’s self-weight is known
as the dead lvad. For all but massive structures (¢.g. bridges and aerospace vehi-
cles) the dead load is small compared to that part of the load which is applied
externally to the stracture. This latter load is known as the five foad. In the case of
the books on the bockshelf the load’s cause is the effect of gravity. In other
circumstances, however, the live load can be due to other effects such as wind,
snow, impact, acceleration and friction. For example, in machines many forces
are generated by the operation of the machine. Consider a bicycle, where power
from the rider is used to propel the bike-rider combination. Gravity acts on the
rider and the bike, and so the wheels have to resist a gravitational dead load
acting on the ground. However, the rider also exerts a resultant force on the
pedals to provide the motive power, and so the pedal axle must resist this force
and its associated moment which in turn has to be resisted by the crank and so on.
Eventually the force exerted by the rider must be transmitted through the pedal,
crank, gears and chain to the rear wheel. Hence, it can be seen that structures
must not only resist forces but they must transmit them as well.

Let us consider an elastic band. It the band is pulled it resists the force that is
exerted, and the greater the pull the greater the resistance. Structures may be
thought of as being like a whole serics of elastic bands or even springs, where forces
between the atoms or molecules of the structure resist the deflection of the structure
due to the external forces acting on it. When a bar is pulled, it is under tension, and
if a bar is pushed it is placed under compression. A beam can also be bent by
applying a moment to the beam that acts perpendicularly to its longitudinal axis, or
a circular bar can be placed under pure torsion by twisting it, i.e. exerting a moment
that acts in the plane perpendicular to the longitudinal axis of the bar. However, no
matter which way it is loaded, be it under tension, compression, bending or torsion,
the force exerted on the structure is resisted by the internal forces generated by
moving the atoms or molecules of the material of the structure,

With an elastic band the deflection is large, but ofien structures are not
thought of as deflecting under load. However, let us consider a shelf full of
books, where it is quite often noticeable that the shelf deflects several millimetres
because of weight of the books. This deflection is the result of the atoms or
molecules in the shelf being moved apart or moved together. When this happens
the interatomic forces that are generated provide the necessary force to oppose the
weight of the books, and clearly the deflection depends on the properties of the
structure’s material.

From these simple examples the key ideas underlying the analysis of struc-
tures can be listed. If a structure is considered that has external loading applied to
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it, and the structure neither moves as a rigid body after loading nor fails, i.e. it
resists load by deflecting only a small amount, then it is known that;

1. The structure must be in equilibrium, with the loading being matched by
appropriate reactions where the structure is restrained, such that the total
force and moment acting on the structure are zero. The structure is therefore
either at rest or travelling with a constant velocity.

2. The structure will deflect a small amount as the atoms or molecules of the
material move and so generate forces inside the structure. Hence the structure
is stressed internally, with each piece of material in local equilibrium and
subject to serains which are a measure of the deformation of the structure
and will be defined later.

3. The topology of the structure remains the same even though it has deflected.
That is, the material of the structure moves such that the form remains the
same, and it is said that comparibility of the structure is maintained.

4. The size of the deflections is determined by the marerial elastic constant
properties of the structure.

Now, having studied the physical nature of structural mechanics the mathe-
matical rules that govern the behaviour can be determined.

2.2 ENGINEERING STRESS AND STRAIN

Having established that all structures deform when subjected to a set of external
and restraining forces that are in equilibrivum, and that these forces are trans-
mitted through the body, quantities are needed to describe the internal response,
or state, of the structure. These quantities can be defined by considering the
concepts of engineering stress and strain. The analysis of stress is essentially a
branch of statics that is concerned with the detailed description of the way in
which the stress {(or intensity of force) at a point in the structure varies, whereas
the analysis of strain is essentially a branch of geometry which deals with the
deformation of an assemblage of particles. The vanation of stress and strain
throughout a structure, unless it is fracturing, is found to be continuous and
described by single-valued functions. These functions cannot be found readily
except for cases where the geometries and loading are simple, as discussed in
Sec. 2.3,

2.2.1 Stress at a Point

The understanding of stress at a point is fundamental to stress analysis. In order
to specify the forces acting within a structure an arbitrary plane can be chosen
which passes through the material. On this plane the point @ is located at the
centroid of a small flat surface of area 34, as shown in Fig. 2.1(a). The positive
side of the plane is defined by the outward normal to the plane ON, as shown, and
the plane in the opposite direction is the negative side.



STRUCTURAL MECHANICS 2]

&F
N
X
(a) (&)

Figure 2.1 The forces and siresses on a small area: (a) forces, (b) stresses.

At all particles on the surface of 84 the material on one side of the surface
exerts a force upon the material on the other side, so that equilibrium is main-
tained if a cut is made along our arbitrary plane and these forces are applied at the
cut. The resultant of the forces exerted by the material on the positive side of 34 is
a force OF. A force 8F also acts on the material on the negative side of §4 in the
opposite direction to maintain equilibrium. Note that the resultant force is
assumed to have its line of action through point O and to have produced no
couple. Now, the total stress at the point O across the plane whose normal is in
the direction ON is defined by

. BF

Total stresspy = 621110 5 (2.1
a vector whose magnitude has dimensions of force per unit area. In the physical
situation, for every point O of the body and every plane through each point, a
vector of total stress exists. Hence it can be seen that, to be strictly accurate, stress
is not a vector quantity as not only the magnitude and direction of the vector but
also the plane on which the stress acts must be defined. Stress is therefore a tensor,
its complete description depending on the vectors of force (§F) and the outward
normal to the surface of action (a vector in the direction ON).

2.2.2 Types of Stresses

It is convenient when developing the mathematical theory of stress analysis to set
up a rectilinear coordinate system, such as the Cartesian, polar or spherical coor-
dinate systems. Here the Cartesian system will be used as this is the most common
in classical elasticity and the finite element method. Now place point Q at the
origin of three mutually perpendicular right-handed axes Ox, Oy and Oxz. Let the
normal ON be in the direction Ox as in Fig. 2.1(b). The surface 34 lies in the
y—z plane. The total stress can be resolved into three components o, 7y, and 7,; in
directions Ox, Oy and Oz respectively. The component ¢, which acts in the
direction normal to the plane, is called the direct or normal stress. The other
two components 7,,, and 7,,, which act in the plane, are called shear stresses.
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Two subscripts are needed to define a shear stress; the first subscript denotes the
direction of the normal to the small area 6.4 and the second subscript the direction
in which the shear stress acts. Only one subscript is needed to define the direct
stress since the direction 1s the same as that of the normal to the surface. This sign
convention is related to the deformational influence of the stress. If & is positive
(Fig. 2.1b) it is called a tensile stress (i.e. the stress tends to stretch the material on
the positive side of the surface away from that on the negative side), and if it is
negative it is called a compressive stress.

The above argument can be extended to establish the three-dimensional stres-
ses at a point. Figure 2.2 represents an infinitesimal rectangular parallelepiped
(cuboid) with its sides parallel to a Cartesian coordinate system. The surface 84 is
now each of the six sides of the parallelepiped. The length of each side is taken to
be so small that the stress components are uniformly distributed on each face and
that they do not vary from the negative to the positive side. A three-dimensional
state of stress at a point is shown in Fig. 2.2, where the directions of the stresses
shown are defined to be positive.

The centroid of the parallelepiped is at C. A total of nine stress components
define the state of stress at point C. By taking moments and considering equili-
brium, it can be shown that the shear stresses have to be complementary. Hence

Txp = Tyx
Tz = Tap (22)
Tex = Ty

The six quantities o, o0,, 0, Ty, T,; and 7, are therefore both sufficient and
necessary to define the stresses acting on the coordinate planes through point C.

Vi

a L

Figure 2.2 The stresses on an infinitesimal volume.
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The parallelepiped in Fig. 2.2 can be rotated to any orientation within the
structure about its centroid C. At each orientation the stresses, both direct and
shear, acting on its faces are in static equilibrium. This gives mathematical rela-
tionships for these stresses in terms of the angles of rotations and stress compo-
nents referenced to the Cartesian coordinate system. A visual representation for
the variation of the stress components on the faces as the parallelepiped is rotated
is obtained using Mohr’s circle for three-dimensional stress. At one specific orien-
tation it is found that there are no shear stress components on any of the faces.
Then the three direct stress components that exist are known as the principal
stresses (Fig. 2.3). These are given the notation of &y, 75, and &4, where the sub-
scripts define the axes of the principal coordinate system. Their directions are
along the principal axes, and the planes on which they act are the principal planes.
The maximum shearing stress acts on one of the planes at 45° to the planes on
which the principal stresses act, and its value is given by

Tmax — Tmax 3 Tmin (23)
where the direct stresses are the maximum and minimum principal stresses (i.e. the
maximuim is the most tensile, and the minimum is the most compressive). For
example, in Fig. 2.3 1, = m when oy > o2 > o3 It is important to under-
stand that principal stresses are readily derived by transformation from Cartesian
values and that they are the parameters in conventional failure criteria (Sec, 2.2.6)
that are often the useful output of a finite element analysis.

0,
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Figure 2.3 The p-incipal stresses.
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2.2.3 Differential Equations of Equilibrium

If the lengths of the sides of the infinitesimal parallelepiped in Fig. 2.2 are allowed
to increase, it is now not a point that is considered but a small subregion
enclosing a certain volume of material. In the general case, the direct and shear
stresses on opposite faces are not equal. This vanaiion in stresses is indicated in
Fig. 2.4. Note that the shear stresses are defined using the notation on the
left-hand side of Eq. (2.2). Thus if the direct stress on the negative-facing
plane of constant x is o, then the direct siress acting on the positive-facing
plane at x + dx is, from the first two terms of a Taylor series expansion,
o, + (8o, /0x)6x. Tt is assumed that the stresses acting on each face of the
subregion do not vary over the surface such that their lines of action go through
the centroid, as shown in the Fig. 2.4.

To establish a relationship for equilibrium the forces acting on each face of
the subregion must be considered. It is the six stress components that produce
these surface forces. For example, the resultant force in the x-direction on the
negative-facing plane of constant x is o, 8ydz. In the process of increasing the size
of the rectangular parallelepiped from a point to a subregion material is intro-
duced into the analysis of volume 8x6y8z. This provides forces distributed over
the volume of the subregion, such as gravitational forces, magnetic forces, or i
the case of motion, inertia forces, known as body forces. The body forces par unit
volume are resolved into the three Cartesian directions and the components are
denoted by X, Y, and Z.
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Figure 2.4 The stresses on the faces of a volume element.
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In Fig. 2.4 the subregion is in equilibrium, acted upon by the surface forces
and the components of the body forces, which are not shown. Considering equili-
brium in the x-direction

do X afxy
(Ux + 5;8):) 8ybz — o, 8ydz + (Txy + B—yay) dxdz

Ty, 0X82Z + (‘sz + 85-? 52) dxBy — 7,,6x0y + XBxbydz = 0 (2.4)

If stmilar expressions are written for the y- and z-directions, and then simplified,
then

do,  O1y 01,

X+-('¥c& ady az =0
o, 8o, Ot
y+ 9 9% O 2.5
T e Y e 2:3)
8t Ot Ao,
‘Tt ey Ta 0

If no body forces exist, then X', ¥, and Z are all zero. This is often the situation in
mechanical design as the weight of a structure is much less than the forces it must
transmit, but note that the body forces have to be included in the analysis when
their magnitudes are of similar order to those of the external forces.

2.2.4 Strain at a Point

The stresses described in Sec. 2.2.2 cause small lincar and angular displacements
in the deformable structure. These small displacements are generally defined in
terms of engineering strains, which are also known as Lagrangian strains. Note
that there are a number of definitions for strain and each has its appropriate
mathematical foundations. Engineering direct strains define the change in length
produced by direct stresses while engineering shear strains define the change in
angle produced by shear stresses. These strains are denoted, with appropriate
subscripts, by £ and ~ respectively, and they have the same sign convention as
the associated stresses (1.€. o, and g,, 7, and 7,,, etc.}.

The displacement of any portion of a loaded structure can first be resolved
into components v, v and w parallel to the x-, y- and z-axes, and the functions
that describe the variation of these displacements over the volume of the structure
are continuous and singled-valued. Hence, the displacement in the x-direction, u,
is defined by a function of x, y and z. It will be assumed that these components of
displacement are very small quantities, and so, as was seen when the stress at a
point was analysed in Sec. 2.2.2 an approximation for the strain can be made.
Provided that the subregion of material being considered is sufficiently small, the
strain within the material may be treated as a constant or homogeneous, giving
the definition in the limit to the concept of strain at a point.
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Consider the very small subregion with sides of length 8x, 8y and &z shown
in Fig. 2.5(a) which is part of the undeformed structure. Choose three mutually
perpendicular lines P4, PB and PC at a point P. If the structure undergoes a
small deformation with displacement components «, v, and w at pomt P, it will
move to P’, as shown in Fig. 2.5(b). Similarly, 4 goes to 4’, B to B’ and so on.
The displacement in the x-direction of the point 4 on the x-axis is approximately
u + (Ou/0x)6x (i.. the first two terms of a Taylor series expansion). The

{b)

Figure 2.5 Deformation of a cuboid: {«} the undeformed shape. () the deformed shape.



STRUCTURAL MECHANICS 27

remaining displacement components of the point A and those of the points B and
C can alse be found and are shown in Fig. 2.5(b).

Note that the approximation, in which second- and higher-order terms of the
Taylor expansion are neglected, is consistent with the assumption of constant
strains {i.e. constant displacement gradient) over the subregion. It is also consis-
tent with the straight line PA in the undeformed structure becoming the displaced
straight line P A’ following deformation. The second-order terms would be
included in the development of a geometric nonlinear analysis.

If a line of length L, undergoes a change in length AL then direct strain 1s
defined as

_L~kLo (2.6)

where L is the final length of the line. This is known as the engineering direct strain
and is acceptable for strains of magnitude less than 0.1. Note that the zrue strain is
required when the extension of the current length is considerable. For true strain
the change in length is referred to the instantancous length, rather than to the
original length.

The change in length of the line P4 is P'A" — P4 so that the direct strain at
P in the x-direction is obtained from

P4 -PA PA —bx

£ o = r 2.7
From considerations of geometry and applying the binomial expansion
Au
PlA" =8x[1+— 2.8
«(1+3) 28)

in which second- and higher-order terms of 8u/8x are neglected. Substituting for
length P4’ in (2.7)

. _Ou )
Sx — ax
and similarly Sv s (2.9a)
5}. = a—
Y
E‘ = a_w
i dz /

Engineering shear strain at a point is defined as the change in the angle between
two mutually perpendicular lines intersecting at the point. Therefore, if the shear
strain in the x—z plane is -y, then the angle between the displaced lines P'4" and
P'C'in Fig. 2.5(b)is n/2 — v,, radians. From the geometry and displacements in
Fig. 2.5(b) it can be shown that
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_ou om
T =5 T ok
oy Ow

7}': - E a (29b)
_Ou By
Ty = Ay Ox

The shear strains are complementary and $0 v, = Y e = Yops Tox = Yaze
As strains are temsor quantities, like stresses, it follows that there are three prin-
cipal strains (i.e. £;, £, and £3) whose magnitudes and directions ¢an be obtained
by transformation. This gives Mohr’s circle for strain. It is worth noting that
when the material has the same mechanical properties in all directions, ie. it is
isotropic, then the principal stresses and principal strains are aligned.

It is convenient when formulating the finite element stiffness matrix (Chapter
3) to use matrix notation and so the strain—displacement relationships (2.9a,b) can
be rewritten as {¢} = {8]{u} or in full

--"8_ —

x g 0
€y 0 Py 0
& 0o 0o O|(u
&, 62

= v (2.10)

Ay a8 4
~ ay ax w
e 0 a
Yox = 6}’

2 4 4

L dz Ix

2.2.5 Compatibility Equations

Equations (2.9}, or (2.10), express the six components of strain at a point in a
structure in terms of the three components of displacement u, v and w at that
point. For the strains to be compatible over the volume then the material cannot
overlap or form gaps (i.e. no voids are created). It follows then that the compo-
nents of displacement can be given by

u =f](X,}’,Z)
V:fz(X,y,Z) (211)
w =f3(xsyrz)

where the functions are single-valued and continuous. If gaps are produced due to
deformation, the displacements are discontinuous and separate functions either
side of a gap are necessary. The existence of just three singled-valued functions for
displacement is a statement of the continuity or compatibility of displacement.
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Since the six strains described by (2.9) are functions of only three displace-
ments, they cannot be independent. By differentiating these equations twice and
substituting, the following six compatibility equations are derived:

321&}, _ Fe, + 325)..
xdy g axt
P, Fe, P
oz 02 | o
B Fe, e
0x8z  9xr | 82
Ze (2%, 2 O)
dy0z  Ox Ox ay az

5 &y 8 (OO ™
Ixdz S\ Ox G @ Oz

2 6252 _ E aTy: 673 _ a7xy
dxdy Jz\ ox ay a9z

To gain further insight into the principle of compatibility, imagine a structure
subdivided into a large number of small rectangular parallelepiped subregions
before deformation. On loading the structure these subregions will be deformed
into a system of general parallelelepipeds. While the subregions are now
deformed, they must be connected to each other in exactly the same way as before,
i.e. the topology of the structure remains the same. If the components of strain
satisfy the compatibility equations, then this situation will-be forced to occur, and
therefore the six equations of (2.12) must be satisfied when solving any problems
in small-displacement elasticity.

(2.12)
2

2.2.6 Structural Materials and Hooke’s Law

One consideration of the functional design of mechanical structures is that the
materials used have adequate strength and stiffness. These materials are referred
to as structural materials (e.g. steels, aluminium and titanium alloys, engineering
composites, timbers and plastics). To carry out a successful stress analysis for the
purpose of design analysts must have a knowledge of the material properties, in
particular the elastic constants (e.g. Young's modulus and Poisson’s ratio) and
strengths. Other properties such as thermal conductivity, wear resistance and
corrosion resistance may be relevant to the product’s function, but are not of
concern in this treatment of the fundamental principles.

Throughout most of the text, an important assumption is made that a struc-
ture consists of material which is continuous, homogeneous and isotropic. A body
is homogeneous if it has identical properties at all points and it is considered to be
isotropic when its properties do not vary with direction or orientation. Except for
Chapter 10 the development of stress analysis will be limited to materials that are
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linear elastic. While a number of traditional structural materials such as steels,
aluminium alloys, particulate composites (such as concrete) and some plastics
appear to meet these conditions when viewed on the macroscopic scale, it is
apparent when they are viewed on the microscopic scale that they are anything
but homogeneous and isotropic. For example, metals are generally made up of
more than one phase, in the form of small crystal grains with different properties
(strengths and moduli), such that they are actually heterogeneous. The reason
why the stress analysis equations given here are still valid for the behaviour of
metal structures is that the very large number of heterogeneous grains are uni-
formly distributed over the volume; thus making the polycrystalline material
statistically homogencous and isotropic. As a rule of thumb, a structure satisfies
the requirement if its dimensions are at least 20 times the largest dimension of any
grain or inclusion. Since most structures are considerably larger than the micro-
structural detail it is acceptable to use the assumptions stated.

A property which varies with orientation is said to be an anisotropic prop-
erty. Metals become anisotropic when they are deformed severely in a particular
direction, as happens in rolling and forging. Other examples of structural materi-
als with anisotropic properties are fibre-reinforced composites, reinforced con-
crete, oriented plastics and timbers. '

Having looked at the assumptions, let us return to the mathematical devel-
opment. So far nine equations (2.5} and (2.9), or (2.5} and (2.12), have been
produced for a deformable structure, involving fifteen unknowns (six stresses,
six strains and three displacements). For a solution further equations must be
found. These equations are provided by six material relationships which describe
the stress—strain behaviour of the material. Note that the derivation of (2.5) and
(2.9) does not make any assumption about this behaviour. It follows, then, that
these fundamental equations are applicable to any type of deformable structure
no matter how complex the material behaviour is.

The procedure for establishing the stress-strain behaviour utilizes certain
simple experiments (e.g. in a standard testing machine) in which both stress and
strain are measured and the relationship between them determined. This approach
is used to produce idealized mathematical formulae relating stress and strain from
which the response of any structures under more complicated deformation can be
calculated. Note that the properties of an engineering material vary enormously
with temperature, pressure, rate of strain and fatigue, so that any formula is only
a reasonable approximation to the response of the material under limited condi-
tions. For now, however, consider only the case of a material under normal
laboratory conditions, which is an example of the ideal situation, being simple
and one-dimensional.

Suppose that a bar of constant cross-sectional area is stretched in tension.
The rate of stretching is such that fracture occurs within several minutes.
Measurements from the test are therefore not affected either by a high strain
rate or by the length of time the load is applied. Such a tension test is used to
measure the tensile elastic constants of metals, plastics, fibre reinforced compo-
sites and so on, and is conducted in accordance with international and national
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standards. It is often known as a coupon rest:. The measured quantities are
engineering direct stress o, (where subscript ‘a’ denotes pure axial loading),
which is the load applied divided by the original cross-sectional area and
engineering direct strain ¢, which is (L — L,}/L, (Eq. 2.6), where L, is the
original length and L is the length when the stress is a,. If o, is plotted against
€., Stress—strain curves such as those shown in Fig. 2.6 are obtained. Note that the
area of the bar changes during the test, so that strictly o, as defined is not the true
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Figure 2.6 Some stress—strain curves for structural materials: (a) ductile steel, (£} alumi-
nium alloy, (¢) unidirectional fibre-reinforced composite material, («} linear elastic model,
(¢) perfect lincar clastic-plastic model., () linear elastic-strain hardening model.
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stress. However, for small strains of magnitude less than .02 (i.e. £2 per cent) the
difference between the stresses is small enough to be ignored, and the theory of
infinitesimal strain described in Sec. 2.2.4 remains acceptable.

It is found that for an applied stress below a certain limit, if the stress is
reduced to zero the bar returns to its original dimensions, i.e. there is no perma-
nent deformation. This is the property of the material known as elasticity, and the
range of stresses in which there is no permanent deformation is the elustic range.
The most widely used structural materials, such as metals, composites and
timbers, have an initial elastic stress-strain response which for mathematical
modelling purposes can be assumed to be linear. This provides Fig. 2.6(d), the
idealization of the perfectly linear elastic material. It is of paramount importance
in mechanical design because many structures are designed to operate with low
values of stress within them so that a linear stress analysis and thus the principle
of superposition will be valid.

The linear relationship between stress and strain for a bar in tension (or
compression} gives the definition of the modulus of elasticity, £, which is also
known as Young's modulus, from

o, = Eég, (2.13)

Hence E is defined by the slope of the stress—strain curve in the linear elastic
region, and its value depends upon the particular structural material being
used. For materials that do not possess a linear elastic stress—strain range the
definition for E is changed such that (2.13) may still be used. The quoted E for
plastics is the secanr modulus of elasticity. Table 2.1 presents values for a variety
of material properties including Young's modulus for a number of structural
materials. Unlike strength, it is insensitive to the precise microstructure, For
example, steels have a value for E of 205-215kNmm ™ (GPa) while the yield
strength can range from 250 to 1900 Nmm™> (MPa). Equation (2.13) is com-
monly known as Hooke's law, but it is a very limited version of the generalized
Hooke’s law as it relates only the direct stress and strain developed in a bar
subjected to pure axial loading,

As the bar undergoes longitudinal stretching there is an accompanying lateral
contraction. Equally, lateral expansion is observed if the bar is compressed. In the
linear elastic range, it is found experimentally that the lateral direct strains, say in
the »- and z-directions, are related to the longitudinal direct strain, in the x-
direction, by a constant, v, such that

v,

E).I(i::—-VEx:—T (2]4)

where v is called Poisson’s ratio (see Table 2.1),

For the three-dimensional state of stress, each of the six stress components is
expressed as a linear function of six components of strain. This is the general-
ization of Hooke’s law and can be written as
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Table 2.1 Typical material properties of structural materials

Material Young's Poisson's Yield stress Ultimate
modulus £ ratio {or yield strength’'
kN mm ™ v strength) oy
(GPa) oy Nmm~* (MPa)

Nmm™? (MPa}

Carbon steels 205 .30 250350 400700

1.5% Mn steels 205 0.3 320-500 540-850

Stainless steels 215 0.3 2801900 520-1970

Cast iron {malleable) 170 0.25 270-570

Aluminium cast alloys Tt 0.30 55-250 145-330

Concrete 15-40 0.10 15-707

Timbers® 3.517 20-130

Plastics 0.06-11 5130

Unidirectional fibre 35350 0.25-0.35 400—2000

reinforced polymers®

Notes

1. Tensile strength unless otherwise stated
2. Compression strength

3. Parallel to gram

4. Parallel to fibres
Tx = Cl (Ex + C12Ey + Cl382 + C]47xy + ClS’Yy: + Cl67zx

g, = Coget ...
o, =Cyec+ ...
¢ } (2.15)
Try = C4|Ex+
Tyz = CSIEx +...
Tox = C(.,]Ex-'r

in which the terms C;; are the components of the elastic stiffness maitrix (also
known as the material property matrix). In matrix notation, (2.15) can be written
as {a} = [D|{e}.

The matrix [D] is symmetric and its 36 terms C;; are functions of the elastic
constants for the material, However, some of these terms are often zero. For
example, an isotropic, homogenecus material has 12 nonzero terms, which are
functions of £ and v only. The zero values occur because:

1. Pure direct stress cannot give shear with respect to the same coordinate, i.e. o,
is not a function of 7,, or 7,.

2. Pure shear cannot give tension or compression with respect to the same
coordinates, i.e. 7y, is not a function of 6, or o,.
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3. Pure shear produces stresses only in the plane of the applied stress, i.e. 7, is
not a function of r,_ or 7.

For the isotropic, homogeneous case

£y = f(g_n Ty J:) Tov = f('r_rl') (2]6)
and so on.
For £, one can write
€x = Snoy + Sno, + Sy (2.17)
where ;s are known as compliances. Equations (2.13) and {2.14) and experimen-
tal data give §); = 1/E and 5 = S;3 = —¢/E. It follows that the three-
dimensional stress—strain relationships (2.15) can be written in the matrix form:
[1 v v v 0 0 0 7
Ty v l-v v 0 0 0 €y
7y v v o l—v 0 0 0 €y
o | _ £ 0 0 0 1=2v 0 €
To [ T+ -20) 2 g Yo
Tyr 0 0 0 0 3 0 Yy
Tex o 0 0 0 o 1= U
L 2
(2.18)

The material property matrix, [D] in (2.18) is for an isotropic material. Equations
(2.18) are often presented in the more convenient strain—stress form of

1 21+ v)

Ex = E [U.\' - V(J_r + J:)] Yoy = Tap —F

1 21+ v)

&y = E [G_I' - V{J.\‘ + U:)] T = T T
1 201 +

£ = E [J: - V(O-.\' + '7_1')] Vox = Tox %

Note that E/2(1 + v») is G, the shear modulus of clasticity. Remember,
however, that the above relationships (2.18) are valid only when the material is
isetropic and the stress is in the linear elastic range.

Formulac in terms of material clastic constants for the Cys for anisotropic
lingar elastic materials (e.g. fibre-reinforced composites) and for nonlinear stress—
strain behaviour (e.g. plasticity of steels) are also available. Should the finite
element anatysis require such material stress—strain relationships the user should
consult specialist texts and software vendors' manuals.

The values for the elastic constants determine how much deformation occurs,
In other words, a structure under a given set of boundary conditions deforms
twice as much if the Young's modulus is halved. In certain mechanical designs it is
necessary to limit the deformation of the structure, as a deformation greater than
some known value is seen as a failure. For example, an automobile body shell
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must be sufficiently rigid so that the stresses transmitted from it to the windscreen
glass are not large enough for the glass to crack; or for a vehicle without a roof,
say an open-top sports car, the body must not deflect toe much so that the
handling of the vehicle is affected.

Although the deformation of a structure changes with choice of material, the
stresses at any point remains unaltered as long as deflections are small. This is
because stress is a measure of the intensity of force and this is independent of the
material. However, all materials have limiting stresses in tension, compression and
shear which cause the structure to fail mechanicaily. These failures can be due to the
onset of yielding, gross cross-sectional plasticity (or ductile collapse), fatigue
mechanisms and brittle fracture, but they can be accounted for in a design if the
strengths of the material and their interactions are known. Table 2.1 presents typical
strength data for some structural matertals under normal laboratory conditions.

To illustrate how these strengths of materials are determined let us return to
the stress—strain curves in Fig. 2.6. The stress-strain behaviour of structural
materials differs considerably. As a result the strength of a solid requires careful
definition. First, consider a ductile metal (i.e. carbon steels) with a distinct devia-
tion in the stress—strain curve (Fig. 2.6a). The point where this occurs is the upper
yield point. The stress then drops to a value cailed the lower yield point before
increasing again as the strain continues. The corresponding yield strain is usually
small, of the order of 0.001 (0.1 per cent}. Other metals (e.g aluminium alloys) do
not have a clearly defined yield point and their stress—strain curves are as in Fig,
2.6(b). As the yield stress, oy (sometimes referred to as yield strength), counld
therefore have a number of definitions it is usually taken to be 0.2 per cent
proaf stress. The 0.2 per cent proof stress (Fig. 2.6a) is defined as that stress
which results in a 0.2 per cent offset; the stress given by drawing a line parallel
to the linear part of the curve through the 0.002 strain value. Also shown in Fig.
2.6(a} 1s the ultimate tensile strength, oy, the ultimate or maximum strength
attained during a test, and also listed in Table 2.1.

Deformation at stresses above yield is plastic deformation, and for ductile
metals this may be idealized either as perfectly plastic (Fig. 2.6e) or strain hardening
(Fig. 2.6 ) depending on the behaviour of the material. If the material is stressed
beyond the yield point and the stress is removed there will be permanent deforma-
tion. Fig. 2.6(b} shows that when the load is reapplied it is found that the yield stress
increases. For mechanical design, a knowledge of the strength is of utmost impor-
tance. Althongh oy seems to be the most reported strength for ductile materials, the
yield or proof stress value is of greater importance as this tells designers when the
material is no longer elastic and so they can determine the dimensions of the struc-
ture necessary to transmit the applied loads without causing failure. The ultimate
strength provides a factor of safety against overload and mechanical failure.

In the mechanical design of structures the design must be fit for its purpose.
This means that failure due to the expected loading is to be avoided over the
design life of the structure. If the material of the structure is a ductile metal there
should not, usually, be any gross cross-sectional yielding. When all, or part, of a
structure is transmitting forces predominantly by compressive stresses there is the
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likelihood that failure of the material is preceded by an instability mode of struc-
tural failure, and there are procedures to design against such behaviour. If
instability does not occur before material failure then a material failure criterion
may be used. There is at present no theoretical way of determining the relation-
ship between the stresses and yielding for a three-dimensional state of stress with
yielding in the uniaxial tension test. However, using experimental evidence and
mathematical insight two yield criteria have now become generally accepted for
predicting the onset of vielding in ductile metals (Dieter, 1984). They are the von
Mises™ or distortional energy and the maximum shear stress or Tresca’s criteria,
Both criteria depend on the principal stresses (see Sec. 2.2.2) and yield strength,
The former is often a defaulr output parameter of commercial finite element soft-
ware. For this reason it is important to remember that the Cartesian stresses,
shown in Fig. 2.2, determined in a finite element analysis can be used to determine
the principal stresses and their planes.

The above discussion on material strength applies to metals. For plastics,
strength is identified as the stress oy at which the stress—strain curve becomes
noticeably nonlinear. Typically, the strain is 0.001 (0.1 per cent). Other engineer-
ing materials can be classed as brittle in which little, if any, plastic deformation
takes place. If a bar of brittle material such as a unidirectional fibre-reinforced
polymer composite is tested, the stress—strain curve shown in Fig. 2.6(c) is
obtained, where the curve is practically linear up to the point of ultimate failure
when the material yields. In these cases a typical strain at failure can exceed 0.015
and for laminated plates used in the aerospace industry load-carrying capacity is
limited by a maximum strain of 0.002.

For metals the compression stress—strain curve up to the vield point is very
similar to the tension curve. This is not the case with other structural materials.
For ceramics, glasses and concretes the strength depends strongly on the type of
loading. In tensien the fracture strength is one-tenth of the crushing strength in
compression. Table 2.1 quotes some typical values. A full understanding of the
strength of a material generally requires the determination of its stress-strain
curves in tension, compression and shear. These curves provide several measures
of strength according to the relevant mode of failure. Moreover, the material
properties of structural materials have a different degree of variability which
further complicates the definition of strength. It is the authors’ opinion that
specialist advice, usually from the material manufacturer or supplier, be obtained
on material strength and that values, like Table 2.1, published in texts on selection
of materials be used principally for guidance only. It is worth emphasizing that it
does not matter how accurate the finite element representation of the structure
and its boundary conditions is, the accuracy of the resulis will only be as good as
the material property data available.

2.2.7 Boundary Conditions

The differential equations of equilibrium (2.5) must be satisfied at all interior
points in a deformable structure under a three-dimensional force system. The
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stress components vary over the volume of the structure, and when the boundary
(i.e. the surface of the structure) is considered, then these stress components must
be in equilibrium with the external forces there. These external forces are always
distributed over some area of the boundary such that there is a stress distribution
at the surface and these stresses are known as surface tractions. Hence, the exter-
nal forces may be regarded as a continuation of the internal stress distribution.

If the rectilinear components of the surface forces per unit area are denoted
by X, ¥, Z, it can readily be shown (Timoshenko and Goodier, 1988) that the
boundary conditions for a three-dimensional body are

X=ol+r,m+r,mn

Y =1yl +om+r,n (2.19)

Z =10+ Ty + o1

where {, m and n are the direction cosines of the angles that a normal to the
surface of the body makes with the x-, v- and z-axes, respectively.

For example, if the boundary of the structure has a plane surface, with an x-
directed normal, then X =o,, ¥ =1,, and Z = r,,. Under this condition the
applied surface traction components X, ¥ and Z are balanced by internal stres-
$€8 0y, Ty, and 7., respectively.

It is uwsual in the classical methods of stress analysis to specify the loading
boundary conditions in terms of surface forces (tractions or pressures), but it is
interesting to note that the boundary conditions of a structure may also be given
in terms of the displacement components. This is standard practice in a finife
element analysis when the element formulation is based on assumed displacement
fields (see Chapter 3). When displacement boundary conditions are given, the
equilibrium equations (2.5) express the situation in terms of strains, through
use of the stress—strain relationships (2.15) and in terms of displacements (2.9).

2.3 SOME SIMPLE SITUATIONS

" When introducing the equations of equilibrium (2.5), compatibility (2.12), stress—
strain for an isotropic material (2.15) and boundary conditions (2.19), it was
stated that the exact solution o a problem musi satisfy each of these sets of
equations. One of the classical methods for solving the differential equations is
to use ordinary differential calculus. Exact solutions for three-dimensional pro-
blems are very difficult to obtain because of the large number of unknowns (six
stresses, six strains and three displacements) and, often, the complexity of the
geometry of the structure. One way of making it easier to obtain a solution is
to reduce the number of dimensions of the problem, and hence the unknowns. By
doing this solutions for a large number of practical, if simple, structural problems
can be obtained. Such solutions have provided the well-known design formulae
for structural members such as bars, beams and thin plates.
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While the differential calculus method is suitable for problems that are
statically determinaute, it is often not suitable if the structure is statically indeter-
minate. In this case a classical solutton may be obtained by using an energy
method.

2.3.1 One-dimensional Situations and Saint-Venant’s Principle

The simplest structure to illustrate the classical solution using differential calculus
is a weightless bar, where the body forces are zero, subjected to pure axial loading.
This situation models, for small deformation, the gauge length in a tenstle (or
compressive, providing there is no buckling instability) coupon test discussed in
Sec. 2.2.6.

Let the bar be positioned such that its longitudinal centroidal axis lies along
the x-axis of a Cartesian system whose origin is at the left-hand end. 1t has constant
circular cross-sectional area A, diameter D, length L, and external load F acting in
the x-direction along the centroidal axis. Note that the cross-sectional shape need
not be circular but must be consiant along the length of the bar.

Equilibrium equations (2.5) are satisfied by taking

F
oy = consfant = i (2.20)

and

23

y=gz=7xy='ry::7'zx:0

It is evident that the boundary conditions for the curved surface of the bar at
Z+y'=D%4 x=0tL (2.21)

where there are no external forces, are satisfied, as the oniy load acts at the ends of
the bar. The boundary conditions on the two ends whose surfaces lie in the yz-
planeissimply 6, = X = F/A, from (2.19). Hence, there is a uniform distribu-
tion of stress over the cross-section of the bar if the tensile stresses are uniformly
distributed over the ends. If this condition is invalidated by the load being applied
in some different way, while maintaining the same overall equilibrium (Fig. 2.7),
the solution to the problem is no longer exact. As this is the situation in practically
every structural problem it would at first appear that the usefulness of the theory
is strictly limited. To overcome this difficulty Saint-Venant’s principle is invoked.
It states:

While statically equivalent systems of forces acting on a body produce substantially different local
effects the stresses at sections distant from the surface of the loading are essentially the same.

Figure 2.7 shows two bars with the same resultant axial load F. Each bar has the
same average stress (F/A) at section BB, a distance usually taken to be greater
than the mmimum dimension of the surface to which the load is applied.
However, at section 44 closer to the ends, the stress distribution is locally altered
owing to the precise nature of the loading. Therefore, the theory may be applied
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Figure 2.7 Saint-Venanl’s principle.

to those parts of a structure away from loading surfaces and restraints. In real
structures the determination of local stresses which will include higher values than
average is best accomplished using a two- or three-dimensional finite element
analysis as will be seen in Chapters 7, 8 and 9.

Compatibility equations (2.12) are identically satisfied as the stress—strain
equations give

g, F

T (2.22)

£, = constant =
with the other five strains zero. From (2.9) it is found that, for the one-dimen-
sional situation, £, = du/dx. On substitution for the axial strain and integrating
along the length of the bar, the familiar expression for the change of length is
obtained

_FL
T AE

The exact solution for the axially foaded bar uses a modelling approach which
lumps the properties of the structure along the centroidal axis, thus effectively
reducing the three-dimensional problem to a one-dimensional problem. The same
modelling approach is used to provide solutions for the pure torsion of cylinders
and tubes, i.e.

AL (2.23)

S

=_== (2.24)
¥
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where T is the torque, I; is the polar moment of inertia, T is the shear stress, ris the
radial distance from the axis of twist, G is the shear modulus, ¢ is the angle of twist
per unit length and L is the length of shaft, and for pure bending of beams, 1.e.

M ¢ £

FAREE T (2.25)
where M is the bending moment, 7, is the second moment of area, o is the direct
stress in the x-direction along the beam, y is the distance from the neutral axis, £
is Young’s modulus and R is the radius of curvature. The beam solution is not an
exact one as it fails to model the secondary deformation that occurs in the plane
perpendicular to the beam’s length. Equation (2.25) is used to derive the standard
bending deflection of beams. If the loading is other than pure bending, for exam-
ple uniformty distributed loading, then there is addition deformation of the beam
owing to the presence of shear.

Each of the three one-dimensional members mtroduced here is used in the
direct matrix stiffness method and the finite element method to analyse structural
frames. The latter method did indeed develop from the former in the late 1950s 1o
analyse non-frame-type continuum structures, as discussed in Sec. 1.5.3,

2.3.2 Two-dimensional Situations

In many situations it is possible to consider structures which behave two-dimen-
sionally over much of their volume. For example, consider a structure with a
constant cross-section which lies in the xy-plane. With boundary conditions
and body forces independent of z the problem is two-dimensional. Now, there
are eight unknown quantities (i.e. three stresses, three strains and two displace-
ments), each of which is a function of the x and y spatial coordinates.

With no body forces the equilibrium equations (2.5) become

o,  O7y, or,, 0o,
= ¥ = 22 =90 2.20
ox &y 0 ax * y (2.26)
and the compatibility equations (2.12} become
oy, 8, e,
’}‘x) _ i) Ey ‘5} (227)

= +
Axdy oyt Ox?
Also, the strain—displacement relationships from (2.9) are

GO _bu v
& Y a ™Te T ex

Two linear elastic stress—strain relationships can be developed from the three-
dimensional version given in (2.18) depending on the assumed size of the
z-dimension.

In plane stress problems of plates or flat sheet material, where the thickness is
small compared with the other dimensions, the surfaces of the sheet are frequently
free of both normal stresses, o,, and shear stresses, 7,.. and 7. Itis therefore assumed

Ex {2.28)
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that these stress components remain zero throughout the thickness of the sheet, or at
least that they are negligibly small compared with the other applied stresses. The
state of stress in the sheet is then two-dimensional and the other nonzero stress
components a,, ¢, and 7., may be averaged over the thickness. From (2.18)

£ = % (5)( + Ey)
and
a, E 1 v 0 £y
:}. =12 !(;' (1) 1 9 ” £y (2.29)
xy 2 Yy

In contrast to plane stress, in which the dimension in z is small compared to
that in the x- and y-directions, the plane strain condition is characterized by a
large dimension in z, for example with long tubes, dams and mines. In this situa-
tion it is assumed that the z-displacement component w is zero at every cross-
section. The strain components &_, -y,., and 7., therefore vanish. Moreover, with
g, set to zero, the stress o, can be expressed in terms of o, and . From (2.18)

g, = (o, +0,)

and
o, I 1-v v 0 £y
o, = = | e I—v 0 £y {2.30)
) TR ) B v 1 g

and for plane strain problems a slice of unit thickness is usually considered. The
general matrix form (2.29) and (2.30)is {¢} = [D]{&}, in which matrix [D]is 3 by 3.

Faced with eight unknowns and eight equations, it is of great advantage to
reduce this number. A classical approach is to seek spectal functions that auto-
matically satisfy some of the equations. The concept of a stress function is now
iniroduced which has the property of representing all the stresses in such a way as
to satisfy the equations of equilibrium (2.26). The Airy stress function &(x, )
(Fenner, 1986; Love, 1944; Timoshenko and Goodier, 1988), is defined as being
related to the stresses by

P P e
O = oy M T = Ix0y

Starting with the compatibility equation (2.27} and substituting for strains in
terms of stresses using either (2.29) or (2.30), followed by substitution for stresses
in terms of the Airy stress function @, the governing biharmonic equation is
obtained

(2.31)

de _ e d'o 4
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Equilibrium, compatibility and stress—strain relationships are satisfied by (2.31)
and (2.32}. Providing that a stress function &, often in the form of a series func-
tion, can be found to satisfy the biharmonic equation and the boundary condi-
trons for the problem, the stresses are given by (2.31). Strains and displacements
follow from the relevant equations and boundary conditions.

This classical method is restricted to problems with simple geometry and
simple loading. However, the restrictions do not detract from the power of the
technique to provide designers with relevant solutions to relatively complex pro-
blems. Such solutions are used to benchmark the performance of a two-dimen-
sional finite element analysis. This will be illustrated in Chapter 7 using the so-
called Brazilian test (or split tensile test) for brittle materials (John, 1992) which
consists of a disc with diametrical opposite compression loading.

It is practical to solve simple three-dimensional problems by the classical
method but becanse of the increased number of unknowns the mathematics
becomes very complicated.

2.4 DESCRIBING PROBLEMS IN STRUCTURAL MECHANICS

In the preceding sections the theory of linear elastic structures has been consid-
ered. Before developing the equations of the finite element method in Chapter 3 it
is worth considering the specification of a structural problem that must be made
regardless of the analysis tool to be used. Readers should be aware that finite
elements are not always the best analytical tool for a given problem. For example,
an approximate but usable solution might well be found by the application of
some standard formula. Equally, finite difference methods are 1deal for shelis of
revolution and boundary mecthods are ideal for problems with boundaries at
infinity. It is through careful specification of the problem that the analyst should
have sufficient information to be able to decide upon the best analysis tool for the
particular problem under consideration.

When thinking about the structural problent, the analyst must determine a
specification of the problem. This should be a clear exposition of the reasoning
that is driving the analysis, outlining what information is required at the end of
the analysis and as much as is known about the physical problem itself. This
specification then becomes the main source of information for the analyst.

2.4.1 Producing a Specification

A specification for a structural problem mnst be sufficiently detailed so that the
analyst can obtain from it all the information necessary to define the problem.
This information comes from a good understanding of the engineering problem
which the analyst must obtain by discussion with the people who require the
results of the simulation. In particular the analyst must know the following:

e the requirements of the analysis
e the geometry of the problem
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s the possible range of matenials to be used
o the physical loads and restraints on the structure,

Requirements of the aralysis Analysing a structure can be an expensive business.
If someone wants to commission a computational analysis then considerable
expense will probably be involved as access to computer hardware must be pro-
vided along with the necessary software and highly trained analysts to produce the
solution. Even if computers are not used the analysts must still be paid and,
consequently, there must be good reasons for carrying out the analysis. The
analysts must therefore explore these reasons first, by talking to the people who
need the results of the simulation, such as design engineers.

The reasons for an analysis are many and varied. In Sec. 1.4 examples of
where computers might be used to calculate the behaviours of structures were
considered, i.e. strength, displacement, effects of heat, optimum material thick-
nesses, fatigue, dynamic response and crash worthiness. Further, each individual
application has its own peculiarities. For example, there might be known limits
for stress or displacement determined from experience or to meet legislative
requirements, and analysts must know the appropriate form of the results that
the simulation should produce; often they must do this from only a vague deserip-
tion of an engineering problem.

Once analysts know the reasoning behind the structural problem it is easier to
plan ahead so that any computational model produces the necessary information.
One Turther benefit of this discussion between analysts and their clients is that
they get to know each other and their respective problems. Such an understanding
can help the analysis process to be brought to a successful conclusion, especially if
things do not quite go as planned.

At the end of this initial part of the specification phase analysts should have a
list of the data that the computational model must produce. This could include
the following:

the peak stresses in the structure

the displacement of certain parts of the structure

the fatigue life of the structure

the time history of the deformation or damage growth
the energy absorbed during deformation.

Clearly, assessment of the suitability of results should be made with the
clients.

At this stage it might be that the analysts judge that computational methods
are not suitable for the physical problem being considered, perhaps because of the
unreliability of numerical methods in this case, or because the cost is prohibitive
when compared to physical experiment, for example. It is better to make this
clear to the clients at this stage so as to prevent a loss of face or embarrassment
later. Some pointers as to the suitability of numerical methods will be given in
Chapters 7-9.
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Specifying the geometry of the structure When looking at any structural problem
it is important to be abile to describe the geometry of the structure either in detail
Or as an approximation.

Various sources of geometrical data can be available and these can be used by
the analyst to describe the bounding surfaces. For example, this data might come
from:

» analytical descriptions of shapes in two dimensions given by such things as
points, lines, arcs and splines

engineering drawings

databases created by computer-aided design (CAD) systems

physical three-dimensional models

measurements taken from existing components.

From such sources most of the bounding surfaces of the geometry may be
determined precisely. This information might be used when building the mesh of
points inside the domain, but during the specification stage it is sufficient to know
roughly where these surfaces are in relation to each other and how they fit
together. A simple sketch might help to show this.

Determining the material properties Having developed an understanding of the
geometry of the problem the actual material properties for the structure need to
be found. These might include the elastic constants, Young's modulus and
Poisson’s ratio, the material strengths and the effects of anisotropy as outlined
in Sec. 2.2.6.

Defining the applied loading and restraints Once the geometry and material prop-
erties of the problem are understood the analyst must think about the way in
which the structure will be loaded for the particular analysis. In mathematical
terms this involves defining appropriate boundary conditions for the problem
and, depending on the analysis, initial conditions. The first step here is to deter-
mine the external loads themselves in terms of their values as concentrated forces
and pressures and the positions of their application on the structure. Then the
positions where the structure is supported must be determined. Possibilities
include a full restraint support where all displacements are set to zero, or a sliding
restraint support where the motion of the boundary is constrained to be in a plane
or along a line,

2.4.2 Physical Behaviour of the Structure

From all of the above information it should be possible to sketch out how the
structure will behave physically. In this text only linear elastic small displacement
problems are considered in the main, and so consideration must be given in design
to the structural response having buckling instabilities and nonlinearities leading
to large deflection and plasticity. If these are present in regions of interest then
appropriate action should be taken as will be discussed in Chapter 10.



STRUCTURAL MECHANICS 45

However as a guide:

If nonlinearities are localized and occur away from the regions of interest
then the analyst is at liberty to ignore the behaviour and treat the problem as
small displacement linear elastic.

Note also that a static analysis will provide results independent of the real beha-
viour of the structure and its material. In other words, if the loads are high
enough the analysis will output displacements and stress values that would trig-
ger, if activated, a nonlinear or instability response in the structure. For example,
a long slender solid stee! rectangular-shaped column, fixed at one end, free at the
other end and subjected to a pure axial compressive load, i.e. there is no moment,
is a classical bifurcation buckling problem of Euler. However, a static analysis of
this problem results in ever-increasing displacement and stress as the load
increases and there is no buckling when the load passes the critical Euler buckling
value. Equally, stresses will continne to increase even when they exceed, many
fold, the yield (and ultimate) strength of the steel.

Note that when modelling, real imperfections that always exist in a structure
and its loading and supports are often ignored completely. Some account of this
simplification needs to be made if buckling instabilities are a likely mode of
failure.
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2.5 REFERENCES AND FURTHER READING

In his classic book, Gordon (1976) analyses structural problems in some detail
and in a readable style. Standard and more mathematical texts on the derivation
of the governing equations and classical solutions are Love (1944), Timoshenko
and Goodier (1988), Gere and Timoshenko (1991) and Fenner (1986). However, a
useful summary of the formulae, facts, and principles pertaining to the classical
methods is given in the compendium commonly known as Roark's Formulas for
Stress and Strain Young (1989).

Material properties are discussed by John {1992) and Dieter (1986). However,
anisotropy ts covered by Calladine and Christopher (19835), Dieter (1986}, Halpin
(1992) and software vendors” mannals. Finally, the selection of materials is dis-
cussed by Ashby (1992) and Charles and Crane (1989),
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FINITE ELEMENT SOLUTIONS OF THE
EQUATIONS

Chapter 1 discussed structural design problems together with the historical devel-
opment of the finite element method, while Chapter 2 discussed the governing
equations for linear elastic structures. Consequently, the mathematical techniques
for producing numerical solutions on a computer can now be reviewed.

Qur starting point is erergy methods. as more than 88 per cent of the con-
tinuum elements are derived by applying the principle of minimum potential
energy over an element. The way the displacement of a structure is approximated
15 crucial to the finite element formulation, and so some time will be spent dis-
cussing these distributions. Direct methods of element equation formulation will
also be discussed.

Whatever method is used to form the element equations, integration of func-
tions must be performed through an element. This can be done analytically for
elements of simple shape, but for many elements numerical integration must be
used and so this is also discussed before looking at special element types. Finally,
the ways in which the numerical solution of the equations is produced are dis-
cussed.

3.1 DEVELOPING THE FINITE ELEMENT METHODOLOGY

3.1.1 An Expression for Potential Energy

When an elastic structure is lcaded by some external forces or moments its
potential energy is increased. This potential erergy is made up of the internal
strain energy duc 1o deformation and the potential of the loads that act within the

47
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structure (e.g. body forces) or on its surface. The strain energy is generated as
atoms are moved from their equilibrium pesitions as a resuit of defermation of
the structure.

Some mathematical way of describing this process must now be found. In
Chapter 2 the stress—strain relationship was defined, see (2.15) and (2.18), of
which

{o} = [D|({e} — {2a}) + {00} (3.1)

is a modified form to account for any initial strains e and stresses o,.

As strain energy is defined mathematically as one half of the product of stress
and strain per unit volume, (3.1) can be used to develop an expression for this
energy. By considering a linear elastic structure that carries conservative loads (1.e.
the work done by the loads is path independent), and has volume V and surface
area S, the general expression for the potential energy, 1, can be written as the
functional (Washizu, 1982):

1, = | (363701} - (6)7DMza) + {5} oo} Ja¥
p _ (3.2)
_ J ()T {X}d¥ - L{u}T{i}ds ~3TiA R,
¥ =1

where, for a Cartesian coordinate system:

{u} is [u v w]", the displacement components throughout the structure (Sec.
2.2.4).

{e}" is [e, £, €2 Yay Vy: Vic)» the strain components, given in terms of dis-
placements by (2.10).

ID] is the material property matrix, for example, [D] in (2.18) is for an isotropic
material.

{EO}T is [e9 5_'3 2 75’;. 7;?2 o], the initia} strain components due to, for exam-
ple, free expansion, shrinkage or moisture swelling.

{Go}T is {o¥ a_? et T_?,. T)O 9], the initial stress components due to, for exam-
ple, pre-stressing or residual stresses.

{X} is [X Y Z]. the body forces per unit volume (Eqgs 2.5).

{X}!is [¥ ¥ Z), the surface tractions (Sec. 2.2.7 and Egs 2.19}.

{A,} is the vector of P translational and rotational displacements correspond-
ing to their P external concentrated forces and moments in vector {R,}.

Now it can be seen that in (3.2) there are six terms. The first comes from (3.1) and
is the main term as it accounts for the potential energy due to the current jevels of
stress and strain. The second and third terms also come from (3.1) and these
account for the energy changes due to any initial stresses and strains. The fourth
term represents the energy due to the presence of body forces, the fifth term that
due to surface tractions and the final term that due to any external concentrated
forces and moments.
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Note that the integrals in (3.2) that contain {X} and {X} are the work done
(hence potential fost) by body forces and surface tractions as the structure
deforms. Integration is performed only over the portions of volume ¥ and surface
area S where body forces and surface tractions act. They (i.e. the integrals in (3.2)
that contain vectors {X} and {X}, and the potential energy calculated after sol-
ving these integrals), can be regarded as potential changes of — Xu — ¥v — Zw
per unit volume and — Xu — Yv — Zw per unit surface area, respectively. The
final term represents the potential lost by concentrated forces and/or moments
moving as the structure deformed and it can be written as
—A Ry — ARy — ARy ... — ApRp.

3.1.2 The Rayleigh-Ritz Method

Equation (3.2) relates the potential energy of a deformed structure to the strains
within the structure and to the initial stresses and strains, the applied external
forces, the body forces, the surface tractions and the material properties. Clearly,
everything except the strains and stresses will be known from the definition of the
structural problem.

When any structure is deformed, the continuum that makes up the structure
moves from the equilibrium position to some other position. To describe this
deformation in full the displacement at all positions within the continuum must
be known, and it is said that the problem has an infinite number of degrees of
freedom, i.e. an infinite number of points as discussed in Sec. 2.2. To make the
probtem amenable to solution, the nurnber of degrees of freedom must be reduced
to a manageable number. This can be done using the Rayleigh-Ritz method.

This method involves the approximation of the displacement components u, v
and w for the whole structure by distributions which have the form

! " M
U= zai.ff(xvy:x) V= Z ar’fr.'(xvy: Z) W= Z ai’f;'(xvy: :) (33)
=1 =f+i i=m+1
in which the coefficients «;, whose values are yet to be determined, are known as
generalized coordinates . The functions f; are known as admissible functions and
are usually polynemuals. For a function to be admissible it must satisfy compat-
ibility conditions, Egs (2.12) and displacement boundary conditions. It is not
required that any of the functions f; satisfy exactly stress (loading) boundary
conditions, but if they do so then accuracy is improved. Here, the analyst must
determine both the number of terms and the form of the functions in order to
achieve the desired solution accuracy. Hence the unknowns are simply the
generalized coordinates 4.

To determine the » unknown generalized coordinates the following procedure
is applied. The assumed displacement distributions are substituted into the strain—
displacement expressions {2.9) to find strains {&}, then the functional (3.2) is used
to evaluate J1,. Thus the potential energy of the structure becomes dependent on
the coordinates @, alone. Now the principle of minimum potential energy is



50 USING FINITE ELEMENTS IN MECHANICAL DESIGN

applied, as discussed in Sec. 1.5.3. To find the minimum energy the differential of
T, with respect to the all generalized coordinates must be set to zero to find the
stationary values. Hence the deformed equilibrium configuration of the structure
in terms of # algebraic equations is derived from the minimization as

{%Ii} = {0} for i=1,2,....n {3.4)
Equations (3.4) are found to be stiffness equations and can be written in the
matrix form [K]{a} = {F}. This form is similar to Eq. (1.2), except that the
unknown degrees of freedom are generalized coordinates and not nodal displace-
ments. Numerical values for the coordinates g; are obtained from solving (3.4).
When substituted into the expressions in (3.3) they provide the approximate dis-
placement distributions in the structure. Differentiation of the displacements u, v
and w yields strains which, when substituted into the stress-strain relationships,
will give stresses.

3.1.3 Using Local Displacement Distributions

Recall from the historical development in Sec. 1.5 that, by the 1940s, engineers
and mathematicians had realized that it was not possible to find admissible func-
tions, f;, capable of describing the exact deformation when a structure had gen-
eral geometry, boundary conditions and material properties. Such a realization
was the catalyst for developing different numerical methods that treated a struc-
ture as a sum of smaller subregions (or elements).

As integration can be thought of as a summation process, it follows that by
discretizing the structure into a finite number of elements and summing each of
their potential energy contributions the method will approximate the total poten-
tial energy, as given by the single body functional (3.2). When implementing this
method, the finite element method. the potential energy functional (3.2) must be
rewritten as a summation over all the elements that make up the structure. The
last term in (3.2) is not amenable to this and so it is treated as follows.

The displacement vector {A,} in the last term is replaced by the vector of all
displacements at all nodes (the degrees of freedom) in the model {8}. Note that
nodes should be placed where the external concentrated forces and/or moments
have been applied so that the displacements in {A,} can be readily expressed in
terrns of nodal displacements. The vector of applied forces and moments {R,}, is
replaced by the global vector of nodal applied forces, {R}, which has terms
associated with each of the displacements in {8}. Note that the forces andjor
moments in {R,} may have to be transformed before they are inserted into {R},

such that the energy terms — Z{A 1N {R,} and — Z{B} {R} are equivalent.
r=1 a=1

Many terms in both {8} and {R} will be zero, as nonzero terms are generated only
where there are external applied loads.
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Having transformed the last term in (3.2), the element form of the remaining
terms can be considered. For the single body problem in Sec. 3.1.2 1t was seen that
the deformation could be approximated, although not necessarily accurately, by
assuming the Rayleigh—Ritz displacement distributions of expressions (3.3). Now
a similar approach is nceded for a single element Lo provide admissible simple
displacement distributions that can be used to generate the element characteris-
tics, the element stiffness matrix [k] and the element force vector {F*}. For now it
is sufficient to assume that the appropriate displacement distributions for an
element can be interpolated from the element nodal displacements {8°}. This
can be defined in matrix forn: as

{u} = [N]{5°} (3.5)

where [N] is the shape function matrix, standard forms of which for various
elements will be presented later.

Now, the derivation of the element representation of (3.2) can be completed
as follows. In Chapter 2 the relationship between strains and displacements is
given by (2.9} and in matrix form by (2.10). This can be rewritten as

g} = Bl{n} (3.6)

in which (@] is the differential operator matrix which, for a three-dimensional
problem, is given by (2.10). Definition of the element strains in terms of the
element nodal displacements is, therefore, given by

{s} = [BI{s"}  where  [B] = [B]IN] (3.7)

when (3.5) is substituted into (3.6).

Substitution of the element expressions (3.5) and (3.7) for {u} and {z} into the
functional (3.2), and summing the contributions from M elements, gives the
potential energy of the structure as

M M
Mo =3 18K = D (6T R) - T IR) (33)

e=1

Here, the first term comes from the first term in (3.2), the second term is a
composite of the second, third, fourth and fifth terms in (3.2) and the final
term is in the modified form discussed previously in this section. Hence it can
be seen that from (3.8} the element stiffness matrix is defined by

K= BTDBr (29)

and that the consistent (or kinematically equivalent } element force vector is defined
as

{F:;}=j [B]TiD]{ao}dV+j [B]T{Uo}dVJFJ [NIT{X}dHJ INT{X}ds
e g [ 5°
(3.10)
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where V¢ and §°¢ are the volume and surface area of an clement respectively.

Equation (3.10) shows how certain distributed loads can be transformed into
equivalent nodal forces associated with the nodal displacements used to describe
the deformation of the structure. The word ‘consistent” is used to indicate that the
transformation is consistent with the shape functions N; of (3.5) used to generate
[k]. and that under certain conditions (see Sec. 3.7.7) the work done by the actual
loading 1s equal to that in the finite element analysis. To complete an element
force vector in (1.1), the external concentrated forces and/or moments from {R}
may be added to the consistent force vector to yield

{F} = {R} + {F} (3.11)

Usualty this step is dene when the characteristics of each element are assembled
into the governing simultaneous equations. Equation (3.11}) has been given here to
show that an element contribution to {F} has two different components and is not
due to (3.10) alone.

Of the two efement characteristics the expression for {K] is the more impor-
tant. Although the expression (3.10) for {F{} looks formidable in typical static
problems, many of the terms {€°}, {¢®}, {X}, {X}. contributing to the consis-
tent force vector are zero. Consequently, body forces, imtial strains and initial
stresses are generally ignored in the rest of the text to simplify the presentation.
To find out how all these energy terms alter the formulation of {Fy} interested
readers are referred to the general texts in Sec. 3.10.

In making this simplification expression {3.10) reduces Lo a single term for the
surface tractions:

{F2) = L NIT{X}dS (3.12)
To complete the element derivation the algebraic equations that are solved 1o
yield the displacements must be obtained. Every displacement in the ¢lement
vector {8°} also exists in the global {or structure) vector {6} of displacements.
As a consequence of the assembly process which must include each of the M
element contributions. the last two terms in (3.8) can be combined to give

1, = 518} [KI{8} - {8}"{F} (3.13)
where
M M
K=3K ad  (B-Y (F) R} G4
e=| v=1

Now, minimization of [T, to find its stationary state with respect to a small
variation in each of the nodal displacements & in {8} gives

ST
{)—6} — {0) (3.15)
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the solution to which is
(K]{8} = {F}

L.e. (1.2) again. Solving the »# simultaneous equations in (1.2) vields the » degrees
of freedom in {8}. After these primary unknown displacements have been deter-
mined, strain and stresses in an element may be calculated from (3.7) and

{s} = [D{[B}{5°} (3.16)

respectively.

It is important to appreciate that the process used in the finite element
method, as given by (1.2), is universai and is therefore independent of the nature
of any static element type used to model a structural problem.

3.2 SATISFYING EQUILIBRIUM AND COMPATIBILITY

Chapter 2 discussed what must be achieved for an exact solution of a static
problem. [t was shown that in an elasticity solution every small subregion enclos-
ing a volume of matenal is in static equilibrium (Sec. 2.2.3) and compatibility is
satisfied throughout (8ec. 2.2.5). In Sec. 3.1 a finite element methodology was
developed which discretized the problem by using displacement distributions to
interpelate nodal unknowns within an element. Therefore it is expected that an
approximate finite element solution will not meet the necessary requirements in
every sense. The degree to which equilibrium and compatibility may be satisfied at
nodes, across interelement boundaries and within each element is as follows:

1. Eguilibrium of nodal forces and moments is satisfied Structural equations
[K]{8} = {F} are equilibrivm equations at nodes. Therefore, the solution
for nodal displacements is such that nodal forces have zero resultant at every
node,

2. Compatibility prevails at nodes FElements are compatible at nodes to the
extent of the nodal degrees of freedom they share. This general statement
allows for hinge or roller connections and is not restricted to permanent
connection as is the physical situation for nodes representing a point in the
continuun.

3. Equilibrium is usually not satisfied across interelement boundaries When
examining element stress resuits, the stresses in adjacent elements do not
necessarily have the same values along the common boundary or at common
nodes. For a properly designed mesh these discrepancies are small and can
become insignificant when the mesh is refined in the limit.

4. Compatibility may or may not be satisfied across interelement boundaries
Incompatibility between elements, when it occurs, should tend to zero as
more and more elements are used to model a structure. Indeed, this must
be true if such an element is to solve real problems.
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5. Egquilibrivm is usually not savisfied within elemenrs. In general, 1o satisfy the
differential equations of equilibrium (2.5), at every point i an element
demands a relationship between the nodal displacements {8°} that usually
does not exist from the solution of (1.2). The exact solution does exist for
certain element types as the size of the element becomes smaller and smaller.

6. Compatibility is satisfied within elements. This is achieved if an element dss-
placement distribution, as defined by (3.5), is continuous and single-valued.

The first four of these conditions result from the process of discretizing the
continuum—the structure—into elements, whereas the lasi two conditions relate
to the elements themselves. It is important that any inherent discretization error is
not increased significantly, but conditions 3 and 4 infer that the accuracy of
solution is a function of the mesh construction. However, conditions 3 and 6
fead to a number of requirements that should be satisfied when choosing the
polynomial expressions that define an element’s displacement distributions. This
will be discussed further in Sec. 3.5.2.

3.3 USE OF ELEMENTS WITH DIFFERENT SPATIAL
DIMENSIONS

When modelling any structural problem, the geometry must be split into a variety
of elements. To do this, elements are vsed which essentially have one of the five
basic forms shown in Table 3.1. These range from a single lumped mass to a three-
dimensional volume and are used to model the situations listed in the table.
Programmed within the largest commercial finite element codes, which can
model various elasticity problems (both linear and nenlinear) and a variety of
other field problems, such as thermal conduction, might be more than 100 differ-
ent elements. A typical range of such elements are shown in Table 3.2. The

Table 3.1 The basic element geometries

Dimensionality Type Geometry
Point Mass [ ]
Line Spring, bean. bar, spar. gap, torsion S—rr——

Area 2D continuum, axisymmetric
continuum, plate or fat shell A EI
Curved area Generalized shell @
Volume 1D continuum g @ @
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Table 3.2 Typical range of elements available in commercial software packages

Eicment type Degrees of Representation
freedom

Muss -
2D bar W,

—
2D beam 1.8, —
[

2D continzum plang u, v
stress plane strain

axisymmetric

201 interface v f”'\\"‘

———

Axisymmetric shell u, v, 8,
3D bar "V, W .__/J
A0 beam DR

8,.6,.8, —

— P BB A

3D shel bt @
E.

W

30 interface PR

number and nature of the nodal degrees of freedom, both displacement and
rotation, for each element are given in the table. Note that the rotation {or
slope) degrees of freedom for plate bending and shell efements are obtained by
differentiation of a displacement component.

In the physical world all structural forms must be three-dimensional, so why
are one- and two-dimensional elements found in finite element codes? To answer
this some aspects of modelling must be considered.

The simplest two-dimensional element has a triangular shape and three cor-
ner nodes. Its three-dimensional equivalent is a tetrahedron with four corner
nodes, Both ¢lement types are shown in Table 3.2, If it és assumed that a situation
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can be modelled as a plane strain problem either element type can be used, but the
computational work involved is vastly different. To appreciate the relative
magnitude of the computation when soiving the simultaneous equations (1.2)
for a problem meshed with three-dimensional elements compared to two-dimen-
sional elements, let us consider a simple example. Here, it is assumed that the
accuracy of both element types are comparable.

If an adequate analysis of a probiem with two-dimensional clements
requires a mesh with 20 nodes in each direction, 1.e. 400 nodes in total, the
total number of simultanecus equations is 800 as there are 2 degrees of free-
dom per node. Further, the half-bandwidth (see Sec. 3.9) of the matrix [K] in
(1.2) is 20 nodes or 40 variables. For an equivalent three-dimensional repre-
senttation a cube must be used with 20 nodes in each direction, i.e. 8000 nodes
in total. Now the total number of simnltancous equations 15 24000 as each
node has 3 degrees of freedom. Furthermore, the bandwidth is now 20 nodes
squared (400 nodes) or 1200 variables. Given that with the usual solution
techniques discussed in Sec. 3.9 the computational effort 13 roughly propor-
tional to the number of equations and to the square of the bandwidth, the
computational effort required to solve the three-dimensional problem is some
27000 times greater. There are further disadvantages to using a three-dimen-
sional mesh as there are inherent round-off errors which grow as the number
of degrees of freedom increases. Hence, it is not surprising that analysts prefer
to mode] the problem with the element type that, for the specified accuracy
needed to design, requires the least amount of preparation time and computa-
tional resources. Sometimes the only suitable element type is three-dimensional
and then the analyst must decide how many degrees of freedom are needed for
an acceptable model and compare this to the number that the code and hard-
ware can handle.

It follows from this that, in commercial packages, there are many elements
that are one- or two-dimensional. Such elements represent certain three-dimen-
sional forms where simplifications can be made to reduce the dimension of the
form. This modelling approach was shown in Sec. 2.3.1 to yield one-dimensional
solutions. For a bar member it is found that (2.23), giving the change in length,
satisfies the theory of elasticity exactly, whereas in the case of the beam member,
although the solution (2.25) is not ¢xact, the secondary deformation neglected in
the theory is of little consequence when analysing a structure of slender beams.
Similarly, in Sec. 2.3.2 an in-plane loaded structure is modelled as a two-dimen-
sional body by making the assumption that either the out-of-plane direct strain or
stress is zero.

3.4 OVERVIEW OF METHODS FOR CALCULATING ELEMENT
EQUATIONS

From Eq. (1.1) for any element it can be seen that for each element the stiffness
matrix [k] and nodal force vector {F°} will have a different number of terms.
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For static analysis the matrix (k] is formulated using (3.9), with {F°} being
obtained from (3.10) with the addition of the element concentrated forces
from vector {R} as shown in {3.11). Tt can be seen from (3.9) and (3.10) that
an element formulation needs definitions of the three basic matrices [N], [B| and
[D]. As has been seen in Table 3.2, there are numerous classes of element and
for each class there are a number of different ways to derive their element
characteristics.

There is not scope here to cover the formulation of all types element, and so
there will be a concentration on the fundamental features of how element
characteristics are derived, placing emphasis on those features that affect
accuracy. Sections 3.4-3.8 give sufficient background to enable the reader to
refer to, and understand, specialized texts devoted to element formulation.,

To derive the matrix [k] and the vector {F } a variety of methods may be
used. One method is to apply physical reasoning, and this gave the direct stiffness
method before computational methods were available. Unfortunately, it is limited
to a few one-dimensional element types and s¢ will not be discussed further.

Another method, known as the direct approach, counsiders the integrals in
(3.9) and (3.10) directiy. To formulate these integrals this method uses polynomial
displacement distributions (known as displacement functions) which are depen-
dent on a local element coordinate system or on a global Cartesian coordinate
system. This approach was used by the carly finite element method pioneess in the
1950s and 1960s when formulating the first two-dimensional eiements, and will be
discussed in detail in Sec. 3.6.

In two- and three-dimensional problems elements can have complicated geo-
metries with curved boundaries. In these cases it is very difficult, if not impos-
sible, to define appropriate displacernent functions over such shapes to satisfy the
requirements necessary for accuracy in the finite clement method. To overcome
this difficulty a method using isoparametric elements was developed by Taig in
1958 (Robinson, 1985). This is the method used in most commercial software
as it can routinely deal with elements having curved sides and/or surfaces (see
Sec. 3.7).

Attempts have also been made to formulate the ¢lement equations using
assumed stress distnibutions and the principle of complementary energy
(Washizu, 1982). This method overestimates the strain energy and therefore
give an upper bound solution with underestimated stresses that are safe for design
purposes. However, pure equilibrium elements, as they are known, are difficult to
create for all but the simplest element types and it is considered that further
development in this field is unlikely within commercial software.

A compromise is the formulation of stress-fivbrid elements that are based
neither on the pure displacement method nor on the pure equilibrium method.
Here, it has been found feasible to mix the two methods both inside an element
and across interelement boundaries. A number of finite element packages now
offer a few hybrid elements and they have been found to perform well. However,
as it is more likely that packages have displacement elements, this text concen-
trates on their formulation and accuracy.
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3.5 THE ROLE OF DISPLACEMENT DISTRIBUTIONS

3.5.1 Shape Functions

Formulation of the matrix [k] and the vector {F} is crucially dependent on the
local shape functions in (3.5) that are used in interpelating the nodal displace-
ments throughout the element. In fact, there is not a free choice of terms N; in a
shape function matrix [N], as for some choices the method fails. In practice the
choice of these functions for a specific clement type is further restricted, if they are
to satisfy all, or most, of the requirements given in Sec. 3.5.2. It is also clear that,
whatever method is used to create them, the shape functions must have unit value
at node { and zero value at all other nodes on the element. This ensures that the
displacements at each node have the correct value.

An element’s displacement distribution s nonzero (except at isolated points})
in only the small part of the continuum which forms the element, being zero
everywhere else in the structure. It is this property that produces so many z¢ros
in the matrix elements of the global stiffness matrix [K|. This matrix is said to be
sparse providing assembly has been optimized and this allows relatively efficient
solutions of the very large set of simultaneous equations to be found.

Using shape functions leads to an approximation for the displacements over
most of the element and it is hoped that this does not differ too much from reality.
It can be shown that the strain energy in a structure, found using {3.8), is less than
the true strain energy. Moreover, as the number of degrees of freedom is
increased, the calculated strain energy approaches the exact value. A solution
by the displacement finite element method is therefore referred to as a lower
bound solution, or a solution in which the structure is found to be over-stiff.
This over-stiff solution is valid globally but does not apply to every point in
the structure. Stresses are overestimated when the numerical method has an
over-stiff representation and this is not really what the analyst likes when opti-
mizing a mechanical design.

35.2 Requirements to be Met by Displacement Distributions

Certain requirements must be satisfied by any assumed displacement distribution
for the finite element method to work, and for many element types this is easily
achieved. These requirements are given now since these underpin all element
formulations based on the integrals in (3.9} and (3.10).

1. Number of terms in the polynomial The number of terms in a pelynomial
expression selected to represent the unknown displacements must at least
equal the number of degrees of freedom associated with the element.

2. Differentiability The assumed displacement distribution and its derivatives
should be continuous within an element. Since simple polynomial expressions
are usually used, no difficulty occurs here and this requirement is inherently
satisfied.



FINITE ELEMEMNT SOLUTIONS OF THE EQUATIONS 59

3. Rigid-body modes The assumed displacement distributions should allow
rngid body displacements without invoking strain in an clement. To achieve
this requirement all polynomial expressions must include a constant term.

4. Constant strain  The assumed displacement distributions should allow for all
states of uniform strain (and stress) in an element. To achieve this require-
ment the second term in the pelynomial expression must be linear. Note that
if a sequence of approximate solutions is obtained using more elements for
each solution, then these solutions should become closer and closer o any
exact solution. For this so-called convergence to occur the strains in an ele-
ment must approach a constant value. This requirement gives reliable model-
ling when an element becomes very small. To test that an element meets this
requirement, the patch test has been developed; deiails of its application are
given in texts listed in Sec. 3.10.

5. Coemparibility The chosen displacement distributions should provide inter-
nat element compatibility and ideally maintain contiauity of displacement
(and rotation when bending is modelled) between elements. If all compatibit-
ity conditions are satisfied the element is said to be conforming. For plate
bending and sheli elements this requirement gives some difficulty, particularly
as it has to be satisfied while also meeting requirement 1.

Convergence of a solution is guaranteed if the completeness requirements 2 to
4 are satisfied. The completeness of an ¢lement is assured if the polynomial
expressions are of high enough degree and if no terms are omitted.
Compatibility, requirement 5, must be met in the limit of element refinement
and is met with fewer elements by most commonly used elements.

3.6 THE DIRECT APPROACH TO ELEMENT FORMULATION

3.6.1 A Bar Element

Figure 3.1 shows an element for a bar. For this one-dimensional element it will be
assumed that it has constant properties along its length £. [t is aligned with a local
x-axis (and generally oriented with respect to the structure’s global coordinate
system) and its displacement can be defined in terms of the local axial displace-
ment component ¢ (1.e. paralle} to the local x-axis}. At cach end of the element a
node is placed giving it just two degrees of freedom, u; and u;, in the vector {§°},
where subscripts 7 and j are used to indicate the element’s left- and right-hand end
nodes respectively. The element need not be given any real physical meaning here,
other than representing a subregion of a physical bar.

It is now necessary to choose a mathematical form to represent the displace-
ment over the element w(x). A polynomal is the simplest form for the shape
functions and, considering the requirements listed in Sec. 3.5.2, it is apparent
that there is only one acceptable polynomial, namely

u(x)=u= oy +ax = [fl{a} (3.17)
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Figore 3.1 A twe-noded linear bar element.

m which [f] is simply [l x] and the coefficients «,; are known as generalized coeffi-
cients which are dependent on the nodal displacements and coordinates.
Expressions such as (3.17) are often referred to as displacement functions.
Inserting the nodal boundary conditions of #(x) = #; at x =0 and #(x} = u; at
x = L into (3.17) gives

{:f}:“ EH?} or {8} = [A}a} (3.18)

in which [A] is the Vandermode matrix. Combining (3.17) and (3.18) the shape
function matrix [N] is defined from
{u} = [N[A]7'{8°) = [N}{5°} (3.19)
Equation (3.17} is therefore & = u; + ((u; — u;})/L)x which, as shown in Fig. 3.1, is
a linear variation in the displacement from #; to ;. {N] ts the first of the three basic
matrices on which the matrices [k] and {Fg} depend and for the bar element is
[1 —x/L x/L]. Note that N; = 1 and N; =0 when x =0 and that N, =0 and
N; =1 when x = L, as required.
The second basic matrx is {B] and it is derived from (3.7 (a form of (2.9))
{e} = (BI{8} = [')|A] {5} (3.20)

in which f’ indicates differentiation of terms (here with respect to x). For the bar

element this is
. % _ 1 l u,-
Todx L L)y

in which the matrix (B] is [-1/L 1/I].
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Finally, the third basic matrix [D} is dertved from the one-dimensional stress—
strain relationship (2.13). For the case where there is no initial strain or stress

{o} =D[{e} or o, =Es, (3.21)

in which [D] has only one term £.

To complete the formulation of the matrix [k] using the integral in (3.9) it is
noted that the terms 1in matrices {B] and [D] are constant such that the integration
is simply

L

AJ dx = AL (3.22)
=0

where A is the constant cross-sectional area. Now straightforward mathematical

manipulation gives the 2 by 2 element matrix [k].

A similar approach enables the terms in the element consistent force vector
{F:} to be derived using (3.10) when one or more distributed loadings is present.
Adding to the consistent nodal forces the concentrated nodal forces gives the
element vector {F°} and thus equation {1.1) ({F°} = [k]{6°}) has the form

{g} =% [—} _iHZ} (3.23)

for a bar element with constant properties.

Building a mesh using bar elements, to model a bar with axial loading or a
pin-jointed frame with loads concentrated at the joints, is carried out using the
methods discussed in Chapter 5. However, as most of the elements are not posi-
tioned at the origin of the global axis system in the x-direction, transformations
must be used to transform the local element into a global element before the
system of equations is assembled. Note that an inclined bar element may have
up to six degrees of freedom, as each node can have nonzero u-, v- and
w-displacement components. Although a node may move in any global coordi-
nate direction, a bar can carry only axial load, as the pin joint cannot transmit a
moment, and thereby equation (2.23) is always valid.

Assembly of the algebraic equations from each element in (3.14) generates the
global equations {1.2) (i.e. {F} = [K]{8}). Methods of solution for the primary
unknown nodal displacements ({8} } are given in Sec. 3.9. Nodal displacements can
then be extracted from the total set for the problem and, following appropriate
transformation to the local axis system, the constant element stress (¢, ) determined
by combining (3.20) and {3.21). It is worth remembering throughout the rest of the
discussion on element formulation that the methods for assembly and solution of
the algebraic equations are independent of the element formulation method, this
being one of the most important advantages of the finite element method.

3.6.2 A Three-noded Triangular Element

A second example of the direct approach method illustrates how Turner etal.
(1936) derived the characteristics for the three-noded triangular element shown in
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Figs 1.2 and 1.3. They were interested in analysing aerospace structures consisting
of thin flat plates with toads purely in the one plane (the x—y plane) and stress
components uniform through the thickness. The element has straight sides and is
assumed to have constant thickness. It has two displacement components « and v
depending on the spatial global coordinates x and y. Such an element is often
referred to in the literature as a plane stress or plane strain element. In order to
satisfy requirements 1 to 5 of Sec. 3.5.2, the displacement functions are taken to be
the complete linear polynomials

H= ) + a3X + ¥ (3.24)

V= g+ asX + agy
The same three basic matrices, as derived for the bar element Sec. 3.6.1, need to be
obtained before the element characteristics can be obtained. A three-noded trian-
gular element has six generalized coefficients in (3.24) and, therefore, six nodal
degrees of freedom, To create matrix [A], now 6 by 6, the same procedure as
discussed for the bar is used, by inserting into (3.24) the nodal displacements
(e, vi, w;,...) and their corresponding global coordinates (x;, y;, x;,....). The
3 by 3 [Dj matrix, for an isotropic material, is obtained {rom either the plane stress
or plane strain equations (2.29} or (2.30). Matrix [B] is obtained by using (3.24)
with the strain—displacement relationships for the two-dimensional strain compo-
nents ¢,, €, and -y,,. Matrix [B] has, just as with the bar element, constant terms
for an element of constant thickness, ¢. It follows from this that the integral over
the voelume will be simply 4 (i.e. area x thickness) and so (3.9) has the simple
form [k] = A¢[B)"[D][B] in which [B] = [f'(x,¥)][A]”'. For this element it is not
too difficult to derive explicitly the 6 by 6 matrix [k]. The element’s consistent
force vector {Fg} is derived by following a similar procedure using (3.10).

Solving the simultaneous equations in {1.2) gives, for each element, six nodal
displacements. These displacements, when inserted in (3.16) determine the element
stresses (o, oy, T), which are constant within the element and usually assigned
to the centroid of the element. Alternatively, the stresses can be determined at the
nodes by an averaging process of the values in adjoining elements.

One reason why this element has not been accepted as the universal element
forirregular geometries is the development of the isoparametric element discussed
in Sec. 3.7.1. Chapter 7 shows results for a plane stress example problem to
illustrate the modelling ability of linear triangular elements.

3.6.3 Higher-order and Other Elements

The assumed simple displacement distributions for the bar (3.17) and the plane
stress or plane strain (3.24) elements give a linear displacement variation and
constani straimn, and hence stress, in an element. Such an element is known as a
linear, simple or low-order element. A refined or higher-order element is obtained
by placing more nodes along the edges of an element and increasing the degree
of the polynomial to account for the additional degrees of freedom. In the direct
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approach method the element edges are straight and the nodes have to be
equally spaced. Such a procedure modifies a three-noded linear triangular
element to a six-noded quadratic, nine-noded cubic or even higher-order
elements.

The displacement functions for the six-noded triangular quadratic element
use complete polynomials with those terms up to and including the quadratic
terms. These are

U=y J aax o+ oy + agx® + s XY + a()yz (3.25)
V= 0y + g 4 gy + igX” + g xp + oy’

Here the displacement components vary quadratically and the strain (and stress)
vary linearly within the element. It is therefore to be expected that this element
gives better results where there are high strain (stress) gradients than does the
three-noded element of equivalent size. Again, the three basic matrices [N]. [B]
and [D] are derived from which the 12 by 12 matrix [k] and the 6 by | vector {Fg}
can be formulated.

Displacement functions (3.24) and (3.25) are complcte polynomials (see
requiremnents ! to 4 in Sec, 3.5.2), whick can be derived using Pascal's iriangle.
The form of the polynomials is such that there is geometric isotropy, i.e. the
polynormials are balanced with respect 1o the x- and y-directions. If each side of
the element has the same number of nodes the performance of these elements is
mdependent of their orientation in the mesh and this is the reason why the ¢le-
ment formulation is based on the global rather than a local coordinate system. All
five requirements listed in Sec. 3.5.2 are satisfied by such displacement functions
and convergence is therefore ensured. Hence these elements are conforming, or
compatible. Triangular elements therefore have desirable properties and are a
popular choice in analyses where the shape of the structure is irregular.

A family of two-dimensional straight-sided rectangular elements can also be
formulated by the direct approach. Unlike the family of triangular elements their
displacement functions are jncomplete polvnomials and so they do not give geo-
metric 15otropy. Because of their rectangular shape these elements are not as
versatile as the equivalent triangular elements, as will be shown through examples
in Chapters 7-9. They are, however, the preferred choice when modelling a struc-
ture with a topologically rectangular shape.

Finaily, the matrix [k} and the vector {Fy} for three-dimensional eight-noded
and twenty-noded solid brick elements and the four-noded tetrahedron (Table
3.2) can be derived by the direct approach and these elements have comparable
properties to the linear und quadratic plane stress clements. Note that these
matrices now have 24 and 60 terms associated with the number of degrees of
freedom in these two elements.

From this discussion of the direct approach method it is apparent that the
mathematical operations to formulate characteristics for two- and three-
dimensional elements become increasingly more complicated as the order of the
element (i.e. of the polynomial displacement functions) increases. Moreover, the
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inverse of matrix [A] may not exist. Even if it does, then the integration in {3.9)
and (3.10) can often be very troublesome, requiring special mathematical proce-
dures.

3.7 1SOPARAMETRIC ELEMENTS

Element types discussed so far have functions said to be of class C°. meaning that
the displacement components are continuous along interelement boundaries.
Slopes, curvatures and higher-order derivatives of the displucements are not.
The strain—displacement relationships and the stress—strain relationships, as
given in Chapter 2, for C” elements show that strains and stresses depend on
the first derivative (i.e. the rate of change of displacement compenents) and
thus strains {and stresses) are discontinuous across interelement boundaries.

A second popular class of functions, C', for elements modelling bending
deformation as shown in Table 3.2, will be discussed in Sec. 3.8.1. Here, the
functions are those that have continuous displacement and slope along their
interelement boundaries. These functions are used for beams, flat plate structures
and general shell structures; this differs from the plane stress or plane strain
simplification in that in-plane direct strains and direct stresses due to bending
are assumed to vary linearly through the thickness of the structure.

The most popular and widely avaitable of the C” elements, isoparametric
elements, will be discussed.

3.7.1 Isoparametric Formulation of the Element Stiffness Matrix

There are several features of the isoparametric method that make it different
from, and often more desirable than, the direct approach method. In the isopara-
meiric method, a master, or parent, set of shape functions is first developed using
the direct approach and then the master set is mapped or transformed onto each
of the real elements in a mesh. Master elements are available for all of the ele-
ments in Tables 3.} and 3.2. Their shape functions im matrix {N} of (3.5) are
defined implicitly rather then explicitly such that there is now a greater reliance
on numerical procedures to evaluate any integrals. Closed-form integration is
possible in some special cases; but the expressions tend to be lengthy and so
calculation is tedious and error-prone. However, the use of numerical integration
schemes to integrate (3.9) and (3.10) for an element’s characteristics can lead to
different problems, and some of these will be presented.

For each element type the master clement has a constant size and shape. For
example, in two dimensions, triangular elements have the master element shown
on the left in Fig. 3.2(a} and quadrilateral elements have the master element
shown on the left in Fig. 3.2(b). Note that the master elements are defined in
the natural coordinate system £ and 7. For the triangle it can be seen that it is
placed in the range 0 to 1, whereas the quadrilateral master ranges from -1 to + 1.
Figure 3.2 also shows two curved-sided real elements, a six-node C"-quadratic



FINITE ELEMENT SOLUTIONS OF THE EQUATIONS 65

(a}

(&)

Figure 3.2 Isoparametric elements—master and real forms: (@) for six-noded C” quadratic
triangular element. (b) for eight-noded C” quadratic quadrilateral element.

triangle and an eight-node C-quadratic quadrilateral. When transformed using
appropriate shape functions these curved-sided elements in the global coordinate
system become the appropriate master ¢lement in the natural coordinate system.

Note that ‘parametric’ refers to the use of the mapping and that “iso’, which
means equal, refers to the fact that the mapping functions between global and
natural coordinates are chosen to be the same as the shape functions used in (3.3).
There are also C® sub- and super-parametric, as well as “nonstandard” hierarchical
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elements which are used less frequently. Although C' elements for bending are not
isoparametric, their element characteristics can be formulated using a master
element and a natural coordinate system. Such elements have shape functions,
for example, from the Hermitian family. They will not be discussed further here.

To explain how the isoparametric method is used to derive the stiffness matrix
[k], the example of a bar element with constant properties will be repeated. This
Jincar C" element has two nodes at each end. Its master element and a typical real
clement are shown in Fig. 3.3. The master element is placed in a natural coordi-
nate system £ such that node i is at £ = —1 and node j is at £ = + 1. Hence the
length of the master element is 2. Each real clement will have some length L
(defined as x; — x;) and any point x along its length is mapped from the master
element by the expression

x=x(&) = % (1 —&ix; +%(l + &) {3.26)

1 1
and so it can be seen that N; = {1 — &) and N; = (1 + £) which are the

shape functions for the element. 2
The element displacement distribution can be defined by interpolating nodal
displacements with the same shape functions, so

1 1
u=u€) =5 (1 - Hu + {1+ 8y (3.27)
Now (3.27) can be written in the general form of (3.5} as

w=fs0-0 sa+ol{l} e w - M)

4
The displacement u has the same linear form as that in (3.17), the starting point in
the direct approach method, indicating that (3.27) satisfies the five requirements
necessary for the element to provide convergence and compatibility giver in Sec.
3.5.2. The element is seen to be isoparametric because the same shape function
matrix [N] is used for interpolation of both element geomeiry and element

Master or parent element Real element
. ) ——w i F — . F,
{ 7
& L ._—x. o > x
Local i i o
£ origin :
- 0 -1 u =N+ Ny
N,=5(1-§)
N, = 3(1+8)

Figure 3.3 A two-noded C linear isoparametric bar element.
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displacements, i.e. when evaluating either the x-coordinate or the displacement u
at any peint along the master bar element the -coordinate of that point is sub-
stituted into either (3.26) or (3.27).

Formulation of the stiffness matrix [k] requires that the matrix [B] = {g][N]
(see (2.10)) be known. Note that with the isoparametric method the basic shape
function matrix [N] has been derived directly and, therefore, the need to derive
and invert the Vandermode matrix {A] is removed, which is one of the major
advantages of the method. The constant axial strain in the bar is, therefore,
given by

du d u; d d¢ d .
£ = a = (a [N]) {“j} where a = a d_:‘f (328)
in which [9] is the single term d/dx. To evaluate d/dx[N] the chain rule must be
invoked because [N} is expressed in terms of £ rather than in terms of x used to
define strain and displacement. The term d£/dx is not immediately available and
first its inverse must be calculated from (3.26). For a one-dimensional element, the
Jacobian J is defined as dx/d¢€ and so

d X; 1 1 L
"'“d—&[N]{xj} —-ixﬂrzxf-—i (3.29)
as x; —x; = L. For the bar element shown in Fig. 3.3, J can be regarded as a

scale factor that relates the physical length of the real bar element dx to corre-
sponding length of the master bar element d&; that is, dx = Jd£.

Equation (3.9) for the bar ¢lement can now be written in two alternative
forms as

X; -1
k] = AE J[B]T[B]dx = AE J [B}T{B]J d¢ (3.30)

For the simple bar element under consideration matrix [B] in (3.30) has the same
constant terms in both integral forms as it is independent of both x and £. As a
result numerical integration 1s not necessary for this element, a special case, and
integration of (3.30) can be achieved explicitly to yield the matrix [k] in (3.23).

3.7.2 Lagrangian Elements

By placing nodes along the length of the straight bar element, a family of elements
can be built up which are known as Lagrangian elements after the form of their
shape functions. Figure 3.4 shows the next element in the series, the
CP-isoparametric quadratic bar element, and gives its shape functions. The ele-
ment displacement, u, is now interpolated from three nodal values and {3.5) can
be written as

w=36E = D+ (1= By 566+ D (3.31)
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e —_— — i
& & L
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-1 0 +1
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Shape functions N, =%_E(§—-l}‘ N =(1-8), N, = % EE+1)

Figure 3.4 A three-noded C° quadratic isoparametric bar element.

Note that node j is the interior node and that the shape functions are
N;=5£(£ - 1) and so on.

It is not necessary, as is the case with the direct approach method, to place the
interior node at mid-length. If the third node is not at the centre, the mapping is
nonuniform, i.e. the mapping is distorted, thus in the &coordinate for the real
element becomes compressed at one end and stretched at the other. To check that
acceptable mapping occurs everywhere in the element it is required that the
Jacobian J > 0. Note that if J, that is equal to (L/2+ &(x; — 2x; + 1)), is
negative the mapping s felding back on itself, which is clearly unacceptable.
Hence, the interior node must always be located within %L of the centre for the
quadratic element shown in Fig. 3.4, but that in practice the best location is at the
centre. If the third node is ai a quarter point it produces a mathematical stress
singularity and it is this feature of quadratic elements that allows the formulation
of a cheap fracture mechanics element. For a cubic element, the standard tocation
for the two interior nodes are at the { points and there is a range either side of this
in which J remains positive for the one-to-one mapping. It is common practice in
commercial software to place interior nodes at locations known to provide the
most well-behaved element and so the control of their positions is often outside
the influence of the analyst.

3.7.3 Nuomerical Integration in One Dimension

With the procedure in Sec. 3.7.1, the ¢lement stiffness matrix for a quadratic
element can be derived from (3.30) using (3.31) for the displacement . As matrix
[B) and J, if the interior node is not at the centre, are now functions of £, it is
necessary to evaluate the terms of the 3 by 3 matrix [k] by numerical integration.

The process of numerical integration transforms an analytical integral into
the sum of a finite number of terms. Note the similarity with the phiiosophy of the
general finite element method where a continuum has been discretized into the
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sum of a finite number of elements {or subregions). Hence, for a one-dimensional
integral such as that in (3.30), with » sampling points

Y +1

J.f(XJ dx = j 1ede =S ol (€) (3.32)
=1

X -1

Here, 7 is the number of the sampling points being considered, w,, are weighted
factors and &, are points at which the integrand is evaluated, called quadrature
points, integration points, sampling points or Gauss points, In the finite element
formulation (£} represents the terms, depending on ¢lement type, from the
matrix product [B]" [D][B]/.

To evaluate (3.32) there are many well-established quadrature formulae avail-
able. Examples of these include the Newton—Cotes rules, such as the well-known
Simpson’s rule, or the trapezoidal rule in which the sampling points are equally
spaced. Experience has shown, however, that Gauss quadrature rules are more
precise than these. For r sampling points in (3.32), the Gauss rules integrate
exactly a polynomial of degree 2n — 1. When the limits of the integration are
—} to +1 the rule is the Gauss—Legendre rule, although, as will be seen shortly,
this is not restricted to one dimension.

In Gauss-Legendre quadrature, the positions of the sampling points &,; are
the zeros of the nth-degree Legendre polynomial and are often known as Gauss
points. Both weights w,; and the Gauss points £,; have numerical values that are
given in Table 3.1 for values of # up 1o 3. Note that the Gauss points are located
symmetrically with respect to the centre of the integration interval (£ = 0) and
that symmetrically equivalent points have the same weights, e.g. when » is 2
wy = wy = 1. Table 3.3 gives also the order of accuracy as a power of the
element [ength 2 = L.

To approximate integral (3.32) in the simplest way only one sampling point

can be used, i.e. # = 1. From Table 3.3 this gives £, = 0 and w|; = 2 to give
(3.32) as

+1

| 19046 =ty = 2100 (3:33)

21

Table 3.3 Gauss points and associated weights for Gauss-Legendre quadrature

Number of Accuracy Gauss points, £ Weights. w,,
Gauss points, # of quadrature

1 O(H%) & =1 w =2

2 o'y £ = —E2y = —0.57733 Wy = waa = 1

oA} £y = —€33 = —0.774 60 Wy = way = 0.555 55
EJZ =0 W32 0888 88

[E
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in which 7{0) is the value of the integrand at the midpoint and 2 is the length of
the interval. Thus the area under a curve f{£} is approximated by a rectangular
area and this is exact if curve J{£) describes a straight line of finite slope. If the
integrand is not of this form then a better approximation for the integral 15 to take
n = 2 to give the integral as

+1
J HEYAE = wy H{E(3) + waal{£sy) = H{—0.577 35) + 1{0.577 35) (3.34)
-1

This two-point rule integrates a cubic polynomral exactly. Note that when deriv-
ing the terms in matrix [k] using (3.32) the matrix terms 7{£) have a constant
denominator if the terms in [B] are constant (e.g. for the bar elements in Figs 3.3
and 3.4 {if the third node is at the centre). Then and only then is numerical
integration exact. With matrix [B] depending on 1/J this can be true only when
J is constant. If, however, the element is distorted from its master shape the terms
in (&) are the ratio of two polynomials in £ and numerical integration is generally
inexact, regardless of the rule used. In other words, the ratio of two polynomials is
not a polynomial in general. Distortion of an element from its parent shape
always introduces discretization errors into the finite element analysis. This aspect
of modelling has been taken into account when developing the examples for
Chapters 7 t0 9.

Clearly, the number of Gauss points can be increased until acceptable accu-
racy is obtained. However, there will be an optimum rule and therefore the
question of the best order of quadrature must be considered. There is no simple
answer, although one-dimensional elements are much less complicated to evaluate
than two- and three-dimensicnal elements. According to Burnett (1987) many of
the quadrature rules commonly used in commercial codes for a given element type
have evolved more from numerical experience than from theoretical arguments,
the latter being developed to explain the success or failure of the former.

3.7.4 Serendipity Elements and the Comparison with Lagrangian
Flements

It might seem that two-dimensional elements could have a whole host of shapes
such as general polygons or conic sections (circles and ellipses). However, of all
possible geometries, onfy three-sided and four-sided polygens (with straight or
curved sides) seem to be well snited 1o application of the isoparametric method.
Families of C-isoparametric triangular and guadrilateral elements have been
created following similar arguments to those used in the direct approach
method. Both these element shapes have a family of eclements based on
Lagrangian shape functions. There is also a second family of quadrilateral
elements which do not have interior nodes and whose shape functions are
known as serendipity shape functions. Here, ‘serendipity’ means that the shape
functions huve been determined by inspection. The very high order Lagrangian
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and serendipity elements, say quintic or above, at present are mostly of aca-
demic interest, as corinercial packages usually allow elements only up to the
order of cubic elements.

Shape functions for these element types are given in many texts and so only
the C’-isoparametric serendipity shape functions for the quadratic eight-noded
element in Fig. 3.2(b) are reproduced here. They are

N= 3 (1= 800 —m)(-£—n 1)
N= 0400 e —n—1)

Ne=3(1+ &0 £n)(E+n-1)
Ny= (=90 4 m(£+n—1)
1 (3.35)
N = 5(1=€)(1 = n)
]

Ny =50+ -7)

N, =ta-@&a 4

2
La—su-m

Np = 5
The majority of software packages provide two- and three-dimensionai ele-
ments which do not have intertor nodes, There is some disagreement between
authors on the merits of Lagrangian and serendipity elements and on the useful-
ness of interior nodes. Burnett (1987) considers Lagrangian quadrilateral ele-
ments to have two disadvantages; that the degree of polynomial completeness
is low for the order of the element and that the presence of interior nodes can
create problems when generating a mesh. Zienkiewicz and Taylor (1989) also
state that the Lagrangian family is limited not only because of the large number
of internal nodes but also because of their poorer curve-fitting properties. For
these reasons they advocate the use of the serendipity family instead. In contrast,
Cook er al. (1989) state that the Lagrangian shape functions, because they ‘do not
leave out the middle-part” of Pascal’s triangle, allow better accuracy than is found
using the equivalent serendipity shape functions. Furthermore, the nine-noded
Lagrangian quadrilateral element is much less sensitive than the eight-noded
serendipity quadrilateral element to distortion of its geometry and to placing
‘midside’ nodes away from the centre. When consulting the user manuals for
commercial software, the analyst often finds that the method used to formulate
the equations for an element is not given and this makes assessment of the code’s
performance more difficuit. Such conflicting guidance in the standard texts illus-
trates the importance of the activities of NAFEMS and, in particular, their
benchmarks.
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3.7.5 Numerical Integration in Two Dimensions

Clearly, it must bc possible to intcgrate functions over two and three dimensions.
This i3 a simple extension of the work over one dimension given in Sec. 3.7.3 and
so only the two-dimensional version is given here. Over two dimensions, numer-
ical integration is given by

+1+1
f

”f(w) drdy = j J e dedn =SS Wl Eoem) (3.36)
1=1

S5 k=l

where n Gauss points are used in each of the two coordinate directions, k£ and { are
the indicators for the sampling point being considered and 7{£, n} is the ntegrand
from the stiffness matrix [k] which is again obtained from the matrix multiplica-
tion [B]T{D][B] J. Previously it was noted that the Jacobian J for a one-dimen-
gional element is just a single term, d/d¢ = [J]d/dx. In two dimensions J becomes
the determinant of the 2 by 2 Jacobian matrix

ax Oy

wenl= |55 % (3.37)

an on
Equation {3.36) can be used with the Gauss-Legendre rule for a quadrilateral
element as the integration limits are from -1 to + 1. Now, the sampling points
form a two-dimensional array and the weight applied at each Gauss point can be
seen in (3.36) to be a product of the one-dimensional weights given in Table 3.3,
Table 3.4 gives values for the Gauss points &, and 5, and the weights w,; < w,,
for values of # up to 3.

Triangular elements, because of to their shape, cannot have integration limits
of -1 to + 1 as shown in Fig. 3.2(a) and sc the Gauss—Legendre rule is inappropri-
ate. Consequently, another Gaussian integration scheme has to be available to
derive the matrix [k} and the vector {Fg} for the Lagrangian family of triangular
clements.

3.7.6 Accuracy of [soparametric Elements

Now a number of the features of a quadrilateral element and numerical integra-
tion which relate to the accuracy of calcutation of the stiffness matrix [k} will be
discussed. Note that these features are similar when considering a triangular
element. As usual, the criterion for an acceptable element is that the mapping is
one-to-one, which is achieved as long as J is positive and not zero. To achieve
this, two restrictions must be applied to the shape of an element. For an eight-
noded quadratic element as shown in Fig. 3.5, the interior corners must have an
included angle of less than 180° and the midside nodes must be placed within
+1£./4 of the centre position on a side. Note here the similarity to the restrictions
on a quadratic bar element discussed previously. It has also been found, through
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Table 3.4 Gauss points and associated weights for two-dimensional product-type
Gauss—Legendre quadrature

n Number Accuracy Gauss points &, 1y Weights wy, ¥ wy
of Gauss of
points quadrature

Hx N
I ot £ 4{= 2 x 2} at centre
{(tx1j [
-— n
24 o) E=—1v3 4 £=+1/V3
(2x2) N 4 )
I o] ecp=+1/V3 1{= 1 1} at points !,2,3.4
1 o9 eap=-1/3
)
39 O(K*) £=-V3/V5E=+V3/V5
3x3)

n=-+v3/V3 25/81{=5/9 x 5/9) at points 1,3,7,9
40/81{= 5/9 x 8/9) at points 2,4.6,8
n=—v3/V3 64/81[=8/9 x 8/9) at point 5

numerical experiments, that accuracy is seriousky impaired when the curvature of
a side is so great that the circular arc defined by the three nodes of a side subtends
an angle of 180° or greater. This is also shown in Fig. 3.5,

In finite element models the most frequently used element shape has straight
sides with the nodes equally spaced along the sides of the element. For example,
quadratic elements, in this case, have their midside nodes placed centrally. Also,
when the shape of a quadrilateral clement is a parallelogram it can be shown that
the J is simply one-quarter of the area of the element, that there is no mapping
distortion and that numerical integration using (3.36) can be exact. The next most
frequently used shape has three straight sides and one curved side. In this case,
where there is some distortion of the element, J is nonzero and acceptable, pro-
vided that the midside nodes on the curved side remain at their preferred locations
or are within the prescribed limits as shown in Fig. 3.5.

Only infrequently does an element have more than one curved side and this is
usually at a corner of a structure, The ability of an element’s shape to model
exactly the shape of the surface of a structure depends on the description of the
surface geometry itseif. If the surface is flat the lowest-order element to fit exactly
is 4 linear efement. However, if the surface has a parabolic shape then a quadratic
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Figure 3.5 Some limitations on C° quadratic isoparametric ¢lements for mapping pro-
blems.

element is sufficient. In this case, the use of lincar elements may provide a poor
approximation to the surface geometry unless many such elements are used. In
fact, whenever the geometry of a surface is described by a polynomial of higher
order than an element’s displacement distributions (i.e. the shape functions for
isoparametric elements) modelling inaccuracy is incurred. In modern CAD
packages the order of a polynomial can be around 20 and so there is often a
modelling error when a structure is discretized into ¢lements.

Distortion can also exist if the shape of an element is an extremely narrow
paraliclogram. The stiffness matrix [k] for such an element is ill-conditioned because
two of its interior angles are close to 180°. In addition, the area of the element and
henceits J tend to zero. This leads the element to have a much greater stifftness than a
less distorted element and, in turn, is a further source of ill-conditioning leading to
round-off errors when solving {1.2) by the techniques discussed in Sec. 3.9.

If follows from this discusston that, when creating a mesh, elements that are
not too dissimilar from their master shape (Fig. 3.2) are preferred. The following
guidelines are often applied:

# The aspect ratio of an element should not be greater than 5 to 1 (or 10 to 1).
e Interior corner angles should be within 20° or 30 of a right angle. If this
condition can not be achieved then a triangular element would be better.

In an attempt to maintain solution accuracy, some commercial packages
enforce a strict limit on the maximum and minimum allowable values for the
interior corner angles. Beyond this limit the solution will not proceed. Further,
a second more generous limit is often set beyond which a warning is given to alert
the analyst to the fact that element performance in terms of accuracy is being loss.
Acceptable element shapes can also be enforced during the automatic creation of
an unstructured mesh (see Chapter 5).

Exteasion of the procedures outlined here to formulate the stiffness matrix [K]
for three-dimensional solid brick elements (eighi-noded linear and twenty-noded
quadratic) does not pose any further fundamental difficulties. Brick elements
usually have no interior node and their shape functions belong to the serendipity
family. Other shapes of elements that are commonly available include the tetra-
hedron and wedge.
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As alluded to when introducing numerical integration, it 1s often uvnclear
which quadrature rule should be used when forming the stiffness matrix [k].
Now. fill integration is defined as taking place when a quadrature rule is used
that s sufficient to provide the exact integral of all terms if the element is undis-
torted. Note that the same full integration does not exactly integrate all the terms
if the sides are curved, for the reasons already given above. Full integration is the
only sure way to avoid pitfalls such as mesh instability, where the elements deform
in such a way that the strains at the Gauss points are zero and hence these do not
contribute to the strain energy in (3.9). Further details on mesh instabilities
(which have nothing to do with structural buckling) and the various methods
to control them are given in standard texts.

A lower-order quadrature rule, called reduced integration, may be desirable
for two reasons:

1. Since the expense of generating matrix [k] by numerical integration is propor-
tional to the number of Gauss points used (i.e. 10 the value of »), using lower-
order quadrature leads to lower computational cost.

2. A lower-order rule tends to soften the stiffness of ap element, thus compen-
sating for the over-stiff behaviour inherent with an assumed displacement
distribution. Softening comes about because certain of the higher-order poly-
nomial terms vanish at the Gauss points so that they make no contribution to
strain energy. This has the additional benefit of reducing the values of stresses
that are overestimated by displacement elements.

Experience has shown that for an isoparametric element the best quadrature
rule is usually the lowest that computes volume correctly and does not produce
mesh instabilities. For example, a Gauss rule with order n = 2 (reduced integra-
tion) is favoured for eight-noded quadratic quadrilateral elements and for eight-
noded linear brick elements, There are, therefore, four and eight Gauss points,
respectively. Note that all numerical integration rules are valid only in the limit of
the element becoming smail and hence a loss in accuracy must be incurred when
elements are large.

3.7.7 Isoparametric Formulation of the Element Consistent Force Vector

Throughout the discussion of the formulation of element characteristics there has
been a concentration on the element stiffness matrix [k], virtually 1gnoring the
element consistent force vector {Fg}. Most of the featurcs discussed with regard to
formulating [k] are true when deriving {F;}. As explained in Sec. 3.1.3, the term
‘consistent” follows from the fact that the distributed loading is transformed into a
set of nodal forees that are consistent with the shape functions in matrix [N] of
(3.5). Tt is found that when the sides of an element are straight and any edge nodes
are at their preferred locations then the force vector is exact in terms of the
external work done by the distributed loading.

Let us now consider an eight-noded isoparametric guadrilateral element,
whose shape functions are given in (3.35), having one external edge with a surface
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pressure applied to it. To simplify the explanation of how to derive {Fj}, the
element is assumed to be rectangular with sides of length 2 and b, to have constant
thickness, to have the midnodes at the midpoints and to have the loaded edge
parallel to the £ and global x-coordinates (i.e. on the side with nodes i, m and j).
The applied pressure is constant and has the value g, with units of Nmm™' per
unit thickness. Body forces, initial stresses and initial strains are assumed to be
zero. Figure 3.6(a) shows the situation described.

Recalling expression (3.12) for {Ffl} and noting that the only nonzero dis-
tributed load term in the surface traction vector {X} is ¥(= g,), it is now

(¥} = T e, 11" . barte, - 1)a¢ = gw([N(sm {2 barten )

¥ T

(3.38)

in which Jr(&,n) is known as the boundury Jucobian since it is derived from the
ratio of differential arc lengths {(Burnett, 1987). For the simple case in Fig. 3.6(a),
Jr (€, —1}is the constant a/2. Equation (3.38) is readily solved either directly or by
numerical integration (using the rules in Table 3.3) to yield the following nodal
force terms:
1 4 ]

Fyf = ga‘%' F_wn = an}' Fyi = gan (339)
The vector {Fy} consists of 16 terms for this element as there are 2 degrees of
freedom per node, but ali the other 13 terms here are zero. It can be shown that
the consistent element forces are those which, if applied in the opposite sense as

| N

(@) 0 ¥ (b

Global axis

Figure 3.6 Evaluation of element consistent force terms for quadrilateral elements with an
edge pressure: (a) on a straight edge, () on a curved edge.
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constraints, would keep all the nodal displacements zero in the presence of the
true loading. Note that by making the nodal forces consistent, the midside node
attracts four times the force value of the corner nodes and not twice the value if
the total load ag, is apportioned between the nodes on the basis of a lumped
surface area. If the latter method is used it is known as lumping or inconsistent
loading {Cook et al., 1989). The same resuit is obtained if the loaded side is one of
the three straight sides of a six-noded triangular element.

If the third node is moved away from the centre or if the element has a curved
side, as shown in Fig. 3.6(b), the boundary Jacobian Ji-(£,7) and X and Y are no
longer constant {Burnett, 1987). These factors and any lack of element fit to the
surface geometry of a structure (Fig. 3.6b) provide a different set of nodal forces
(with F,;, Fn, Fy; also nonzero if the side is curved). Such nodal forces, although
consistent with the shape functions of the element, do not provide the exact
external work. It can be seen that, as when formulating [k], any distortion to
the master element causes a loss in the accuracy of {Fg} and hence in the finite
element solution. A similar procedure is followed to determine the nodal forces
due to other distributed loads. Those nodal forces due to body forces, initial
stresses and initial strains are derived from volume integrals so that the proce-
dures discussed when deriving [k] are applicable.

The above argument for the development of {Fy} can be extended to general-
tzed shell and flat plate bending elements with a loading in the form of a face (or
surface) distributed pressure.

3.7.8 Calculating Stresses with Isoparametric Elements

Once [k] and {F;} for an element have been derived, and then calculated for each
element in a mesh, it is not difficult to create the global system of equations, as
defined by {F} = [K|[{8}, Eq. (3.14), that describes the full structural problem.
Before solving these simultanecus equations for the nodal displacements {8} it is
necessary to eliminate, by a condensation technique described by Cook er al.
(1989), those equations associated with the interier nodal degrees of freedom of
higher-order Lagrangian elements. The equations generated using isoparametric
elements which do not have interior nodes require no such treatment and their
element characteristics are dealt with in the same way as those formulated by the
direct approach method.

Having solved (1.2), the nodal displacements {8} of ¢ach clement are
extracted from {8} and inserted into (3.16) to evaluate the stresses within an
element. If initial values are neglected, then the stresses are given by

{0} = [D][B]{5°}
in which the stresses (e.g. 0., o, and so on} are a function of the global coordi-
nates and the [B] matrix is in terms of natural coordinates. This combination of
coordinate systems poses the question of where in the element the stresses shouid

be calculated. For isoparametric elements, stresses (especially shear stresses) are
most accurate at the Gauss points of a quadrature rule one order lower than that
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for full integration of (k] (Burnett, 1987; Cook ¢ al., 1989). Because stresses are
dependent on strains and these are derived from differentials of the element dis-
placements, it may be expected that stresses will be less accurate than the primary
unknowns, the nodat displacements, and this is true for elements formulated using
the direct approach method. However, under certain conditions the stresses for
isoparametric elements are not less accurate than displacements. These stresses
are superaccurale or superconvergent at the Gauss points because they have there
the same degree of accuracy as displacements. Nodal stresses are evaluated by
interpoiating and/or extrapolating the stresses at Gauss points.

Whatever method is used to formulate an element’s characteristics, the cal-
culation of stresses 1s always relative to a rectilinear coordinate system and often
the system is Cartesian. As discussed in Sec. 2.2.6 the acceptance of a structural
design can be aided by the usc of an appropriate failure criterion such as von
Mises’ criterion. Such criteria, be they stress or strain based, are functions of the
principal values (Sec. 2.2.2 and 2.2.4) and these are obtained by transformation
from the Cartesian values. It will be seen in Chapters 6-9 how element stresses are
manipulated to produce contour plots, this being the most popular method used
to display results.

3.8 OTHER TYPES OF ELEMENTS

3.8.1 Flements for Bending

These one- and two-dimensional elements are used to model beams and flat plate
structures in bending by assuming that in-plane direct strains vary linearly
through the thickness of the structure and that there is no axial strain
component. However, bending and in-plane elements can be combined to produce
flat shell elements. These are not considered to be the best shell elements.

Now it is found that both displacement and slope components have to be
continuous along interelement boundaries, while curvatures and higher-order deri-
vatives are not continuous. To illustrate the features of this class of element the
three basic matrices in (3.9 and (3.10) will be derived for a pure bending beam
element (i.e. neglecting shear deformation due to through-thickness shearing). This
one-dimensional element (see Table 3.2) can have the same form as the bar element
m Fig. 3.} which has two end nodes. In this development it is assumed that the
element has constant fexural rigidity Ef, ({, is the second moment of area about
the axis of bending) along its length L. Tts centroidal axis is aligned with the local x-
axis and the y-axis 1s vertically downwards. Each ¢nd node has two degrecs of
freedom, one transverse deflection and one slope (or rotation), giving four degrees
of freedom (i.e., v;, 8; =dvidx ., v; and 8, =dv/dx(,_;), in vector {&°}.

Enforcement of requirements 1 to 5 in Sec. 3.5.2 defines the displacement
function to be

¥ =0y + X 4 03X 4 X’ (3.40)
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from which matrix [A] (and [A] ") is derived by inserting into expression (3.40) the
nodal coordinates and nodal displacements.

Derivation of matrices [B] and [D] is different to that for class C” elements as
it is convenient to have the stress—strain relationship (3.1) without initial values, in
the form of the weil-known memeni—curvature expression

ie. {o} = [D]{e]} (3.41)

which shows that when bending is being modelled the terms in the strain matrix
{e} are curvatures and the terms in the stress matrix {&} are bending moments.
Note that the strain is given by 2, = +y dzv/dxz. Matrix {D] for the beam element
has the single term £7, and matrix [B] is derived from the second derivative of
displacement function (3.41) by following the procedure given for the bar element,
The exact element stiffness matrix can then be readily derived from (3.9) as the
integration can be done explicitly. The form of [k] for the beam element is iden-
tical to the sfope—deflection equations used in the direct stiffness method.

After Eqg. (£.2) for a whole beam problem have been solved, the four element
nodal displacements are used to evaluate the bending moment anywhere along the
element. The direct stress that determines the resistance of the beam is then cal-
culated from the well-known bending relationship (2.235), ie., M/, =6,/ L,
where the sign convention is that positive moment M causes the beam to sag.

Extension to two-dimensional flat plate bending elements (Fig. 3.1) follows a
similar procedure to that discussed for two-dimensional plane stress and plane
strain elements. However, it not practical to have a displacement function for the
vertical displacement, w{x, v), that is compatible and this leads to nonconforming
elements, Some plate elements have been tuned to remedy problems due to shear
and locking. In practice these elements are found to work well providing sufficient
elements are used to minimize the error due to the lack of interelement compat-
ibility. However, as with the case of shell elements. no outright champion has yet
been formulated.

3.8.2 Special Elemenis

The scope of this text atlows detailed discussion of only the basic features of the
linear elastic static finite element method. There are many other features which
need attention as they represent further evidence of the diversity and versatility of
the method. The purpose of this section is to convey a number of these features
and to direct the reader to references giving further details. In addition to the
references given here, information on these features, when they are available, can
be found in the user manuals of commercial analysis software.

With reference to Tables 3.1 and 3.2 it is found that a number of element
types have not yet been dealt with. Of these types there are the one-dimensional
elements to model a rigid link, a linear spring, a beam with offset, a tapered beam
and a Mindlin shear deformable beam (i.e. for deep beams).
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Axisymmetric solid and axisymmetric shell element types (both thick and
thin) arc often used in probiem-solving and a major application for these clements
1s in the analysis of pressure vessels and tanks. Axisymmetric elements are for
problems concerning the stress distribution in structures of revolution under
axisymmetric loading. By symmetry, an element for the solid of revolution is
two-dimensional and the formulation of its element characteristics 15 analogous
to that for plane stress and plane strain efements.

Shell elements can be in two or three dimensions. They are used to model
structures with curved surfaces in space that have loading acting normal to the
surface. The properties of a shell are lumped to act at the midsurface of the shell
to develop the mathematical theory from which element characteristics are
derived in the usual way. Often a shell is thin in comparison with its span and
then classical thin shell theory is applicable. However, when it is necessary to
include in the analysis the effects of transverse shear deformation and perhaps
of through-thickness direct stress, the theory is that of a thick shell. Note that the
Mindlin plate theory allows transverse displacement and rotations to be indepen-
dent such that the element formulation only requires C° continuity. This has a
major advantage of simplifying the shape functions in (3.5) needed to formulate
the element characteristics. General shell elements display bending and membrane
(in-plane} deformations, with the latter dominating deformation if the structure is
to be effective. It is readily seen that flat plate elements (in-plane and bending) are
in fact degenerate forms of a generalized thin shell element. Some packages there-
fore do not provide separate flat plate elements and expect the analyst to use the
availabie shell elements to model such cases.

Two-dimensional classical shell theory preduces equations that are difficult to
solve, The equations in terms of displacements are often complicated unless many
approximations are made {Calladine, 1983). There is no consensus as to which
approximations are acceptable, so it is found that there a number of shell theories
(e.g. Donnelt (1933), Fligge (1973) and Vlasov (1964)). All these theories are
limited to smalt displacements. To formulate element characteristics it is heipful
if displacement distributions are chosen, Eq. (3.5), that will satisfy all five require-
ments presented in Sec. 3.5.2—for shell elements this is difficult, if not impossible.
Elements for shells are therefore the most difficult elements to derive, and because
of the various shell theories and approaches to the problem there are a number of
elements available. Problems with three- and four-sided elements based on thin
shell analysis have led to a move away from classical shell formulation and towards
treating shell elements as a special version of the three-dimenstonal solid element,
when the through-thickness dimension becomes relatively small. These quadratic
isoparametric elements that simulate behaviour of the Mindlin shell element are
not without their problems. For example, they do not pass the patch test and so
one of the functions of NAFEMS is te publicize the performance of shell elements
either singly or in groups. They are, however, favoured by the analysis community.

Elements described so far have sides with the same number of nodes.
Packages do offer so-called transition elements where, for example, one side of
a quadratic quadrilateral element does not have a third node and therefore, along
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that edge, behaves as a linear element. This is achieved by forcing the midside
node to lie on a straight line between corner nodes using constraint equations so
that no gap can open up and continuity is maintained. Transition elements are
used in mesh construction when the element order changes. A situation when this
may be desirable is where, because strain (and stress) gradients are high, regions in
a structure need quadratic elements for an accurate solution, but where in the
adjacent regions linear elements are acceptable as the gradients there are much
fower. By integrating into a mesh both linear and quadratic elements the numbers
of degrees of freedom, and so the round-off errors and the computational cost of
solving the problem, can be minimized for a given accuracy.

Special element types exist to model cracks in a fracture mechanics analysis
and to model an infinite media such as the ground supporting a structure, Other
specialized elements are available which do not represent a continuum but which
have their place when modelling practical problems. Such elements include the
lumped mass, gap or interface elemenis, damper elements, spring elements of zero
length and constraint elements.

Finite element packages offer a range of material properties for an element
type. Here, for convenience, isotropic materials {Sec. 2.2.6) have been chosen to
show how the material’s elastic constants (i.e., £ and v) in matrix [D] are used in
the formulation of an element stiffness matrix terms and in the calculation of the
element stresses. Some packages allow all 36 C; terms (see Eq. (2.15)) in [D] to be
independently defined such that any anisotropic material can be described. A
majority of packages are less flexible but, because of their importance in structural
applications, have the facility to model laminated materials. Laminates often have
a sheet structure and consist of multi-layers of a fibre-reinforced material (Halpin,
1992}, and it is therefore plate and shell elements (thin and thick) that have this
material option. For a general laminase, the properties attached to a general shell
element are formulated using lamination theory, details of which are to be found
in texts on fibre-reinforced composite materials.

When developing the finite element method equations in Sec. 3.2.2 it was
stated that initial strains and stresses can be generated because of the thermal
expansion property of a material. It is often the situation that a load-bearing
structure has residual stresses at room temperature after cooling down from the
processing temperature, e.g. hot rolled steel, or has to operate at a temperature
other than room temperature, and for the finite element analysis to be accurate it
is imperative to account for any thermal effects. Finite element packages therefore
offer a range of thermal elements to solve heat transfer problems. To determine
the overall loading for a structural analysis the results from such an analysis are
used to establish the thermally generated loadings that are added to the other
loading types (see (3.10) and (3.12)).

In Chapter 10, both buckling and dynamic analysis will be discussed when
they are performed using the linear small-displacement elements developed in this
section. This will be followed by the introduction of the finite element method in
analysing problems that are time-dependent and nonlinear in terms of either
geometry or their material properties.
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3.9 PRODUCING A SOLUTION FROM THE ELEMENT
EQUATIONS

In the previous sections of this chapter the ways in which numerical analogues of
the governing partial differential equations can be produced have been shown. For
all types of elements, equations are produced for each element which relate defor-
mation of the whole element to the discrete displacements and forces at the nodes
of the element. These equations know nothing of the behaviour of the full structure
and so, now, there must be a discussion as to how these equations are combined, a
process known as assembly, and then processed such that the boundary conditions
of the problem are applied before a static solution for the full structure is found.

3.9.1 Assembly into a Global Matrix

On each element of the structure, an equation or equations can be developed to
describe the behaviour over the element. For example:
(kj{8°} = {F*}

which s (1.1) again. Here, [k] is the stiffness matrix for the element, {§°} is the
vector of nodal displacements and {F°} is the vector of forces at the nodes. Such
equations are always singular and so they have to be combined together to form a
global set of matrix equations and then the boundary conditions for the whole
structure can be applied to remove any singularities. This works only when the
structure has no mechantsms.

Figure 3.7 shows a simple mesh of two-dimensional plane stress triangular
elements with two degrees of freedom per node. The mesh consists of three
triangular elements and five nodes in total. Element equations can be written
for each element in the form
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Figure 3.7 A simple mesh of triangular elements.
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where the superscript e refers to the number of the element and the other notation
is the same as that used before and in Fig. 3.7.

These element equations can be modified, for each element, to relate to the 10
degrees of freedom global problem by using the global node numbers shown in
Fig. 3.7. For example, local node & on element 1 is global node 4, local node & on
element 2 is global node 5 and so on. These expanded element equations are:
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Note that now the degrees of freedom are # and v at each of the five nodes and
that each element has zeros in both the left-hand side matrix and the right-hand
side vector where the position corresponds to a global node that is not attached to
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the element n question. These equations are then summed to give the final equa-
tion, which is
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To carry out this process all that is required is for the element assembly software
to know, for each element, the global node number of each of the nodes attached
to it. This is the connectivity list. Simple algorithms can then be used to loop over
each element in the mesh, placing the elements of the local element equaticas into
the global left-hand side matrix and the global right-hand side vector. This gives
the governing equations in the form of (1.2). Note that (3.44) is sparse even for
this simple example. The zeros in the global stiffness matrix come about naturally
during the assembly process, confirming the fact that certain nodes have no direct
effect on other nodes. For example, global node 3 has no effect on global nodes 1
and 4.

3.9.2 Applying Boundary Conditions

At this stage in the process, having completed the formation of the global matrices,
the boundary conditions of the problem can be applied. Typically this involves the
specification of applied nodal forces and displacement restraints. Figure 3.8 shows
the same mesh as Fig. 3.7 with the addition of boundary conditions. Here, it can be
seen that at nodes | and 2 the v-displacement is zero, that at node 3 both the «- and

4 5 R =-10N

&

1 2 1, =0 3
_
N

Figure 3.8 Boundary conditions for the simple mesh.
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y-displacements are zero and that at node 5 there is an applied concentrated force
of 10N in the negative x-direction. To impose the displacement constraints v,, v,,
vy and u3 must be set to zero. This is forced on the matrix system by setting all
values of the row and column associated with these degrees of freedom in the left-
hand matrix to zero except for the diagonal which is set to one. Then the right-
hand vector has to be modified. To do this (3.11} is used, where the element right-
hand vector is made up of the contribution due to the applied external loads and
any internal forces as defined by (3.10). In this case all the internal forces are zero
and the only applied load is at the fifth node in the negative x-direction. Hence the
right-hand vector becomes ail zero excepti for the applied load, and then the appro-
priate values for the restraints, which are zero in this case, multiplied by the column
values that have been zeroed from the left-hand side matrix are subtracted.
This gives
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(3.45)

As an aside, note that this process has mimicked the mathematical imposition of
boundary conditions in that where the displacement is restrained the effect of any
applied loads is overwritten.

3.9.3 Solving the Simultaneous Equations

The global equations must now be solved. For linear static problems without any
time variation, this means solving just one set of linear simultaneous equations.
Note that this is not the situation if gap elements are present as an iterative
procedure is necessary. There are many ways of solving the equations, and each
solver will have its own way, or ways, of finding a solution from the equations.
For real structural problems the number of degrees of freedom is typically of the
order of thousands or tens of thousands and so robust direct methods are used to
find solutions. However, as problems become more complex so the computational
effort needed io find a solution starts to rise as a proportion of the time taken to
set up the element equations. When the solution of the equations consumes a large
amount of computational effort, there are great benefits to be gained from using
terative methods to solve the simultaneous equations.

Solving any set of simultaneous equations is the process of finding a vector
{x} that satisfies the general matrix eguation

[Al{x} = {b} (3.46)
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For finite element problems, (3.46) is directly equivalent to (1.2). To find a solu-
tion, the inverse of the matrix [A] must be determined and then both sides of (3.46)
are premultiplied by this inverse to give

{x} = [A)]"'{b} (3.47)

When the number of equations is relatively small then the inverse of the
matrix [A] can be found using direct methods. Typically, a version of the method
called LU decomposition i1s used. However, to reduce the requirements on com-
puter memory the frontal method as described by Lewis and Ward (1991) and
Taylor and Hughes (1981) has been developed. This combines the process of
assembly and sotution, handling the matrices element after element. It will not
be discussed further here.

In LU decomposition the matrix JA] is decomposed inte two other matrices:

(A} = [L][U] (3.48)

where [L] is a lower triangular matrix and [U] is an upper triangular matrix. Once
the matrix [A] has been decomposed into [L] and {U] the solution is easy to find.
This is because the simple triangular structure makes it easy to find the inverses of
these matrices. Depending on the symmetry properties of the matrix [A], the
method has a number of variants, such as the Crout method, for nonsymmetric
matrices and the Cholesky method for symmetric matrices.

As a rule of thumb, the time taken for solution using LU decomposition is
proportional to the cube of the number of unknowns for a fully populated matrix,
or to the product of the number of unknowns and the half-bandwidth squared for
a sparse matrix. In some texts the terms ‘half-bandwidth” and ‘bandwidth’ are
synonymous. As was seen for the simple problem shown in Fig. 3.7, some of the
terms in the matrix are zero because of the structure of the mesh. For example,
node | has no direct connection to node 3 or node 5 and the matrix structure
reflects this. For meshes of realistic problems many values in the matrix are zero,
and the half-bandwidth is the maximum distance between the diagonal and the
first nonzero element of a column in the upper triangle of the left-hand-side
matrix. As the matrices are usually symmetrical, and even nonsymmetric ones
have a symmetrical structure, this is the same as the maximum distance between
the diagonal and the first nonzero element of a row in the lower triangle. Figure
3.9 shows this for a typical matrix.

Owing to the nature of the solution effort, if a matrix is very large then direct
methods take a long time to produce a solution. In cases of complex structural
analysis with nonlinearity and time variance, such large matrices are often pro-
duced. To reduce the time taken iterative methods are usually used. With these
methods some guess at the solution vector {x} is made and then updated using the
vector {x} and the coefficients of the matrix [A] and vector {b}, In fact, many
iterative schemes can be used, so to illusirate the use of these methods let us
consider the sohution of (3.46). For a system of three equations:
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Figure 3.9 The half-bandwidth of a sparse matrix.

anxy + apx; 4+ apxy =h
ar1 Xy + Xy + a3 Xy = by (3.49)
a5 Xy + dpX; T dnx; = by

The simplest iterative schemes are those due to Jacobi and Gauss—Seidel. In
both of these methods the equations are transformed to give

1
xp = — (b — appx; — dy3%3)
ap
1
Xy = — (b —ay x| — dn3Xa) (3.50)
an
xy = — (by — ay X1 — aypxa)
£33

Now it can be seen that the terms on the diagonal of [A], i.e. a;, must not be zero
for these methods to work. Fortunately, zero values are not generated in static
analysis using the finite element method. In the Jacobi method, the right-hand side
of (3.50) is taken to be the known values at the s#th iteration and the left-hand side
to be the new values at the » + 1th iteration. This gives

1
N = —(b) — @t —axd)
aj
1
A = (b —an - an V) (3.51)
a2
1
,\':‘H—l = — (b:; - (Ij:l,t.\'T — 033.\‘{_;)

33
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whereas the Gauss—Seidel method continually updates the right-hand side where it
can to give

1

XM= = (b - apxh - apxh)
iy

=1 _ ] b n+1 l’" 3157

Xy = —{by —ayxi" ~anxy) {3.52)
i

+1 ] 1 A+

-"g =a—(b3—a3|x7+ —ﬂszlg )
33

The next level of complexity involves point relaxation methods. These meth-
ods operate on the error in the solution vector {x} which is known as the residual
error and is defined as

{r} = {b} - [Al{x} (3.53)

This should become smaller from iteration to iteration. To modify the previous
method (3.52) is taken and x} is both added to and sabtracted from the right-hand
side, to give

] 7 " i
x)lH-l = —Y!f+ {— (B —aynx| — apx; —ﬂn-’fsr)}

iy
1
5=+ [— (hy — ay X} = apxi ~ anx}) {3.54)
(255
1
xg”' =xj + L—I“ (b — 331-\‘T+| - 61'32-’5;” — ayx3)
33

Now the expressions in square brackets are the terms of the residual {r}, and as
these should tend to zero as the process proceeds, aftempts can be made to
accelerate the process by multiplying the right-hand side by a relaxation factor,
w, to give

1 wt
T =+ [E_ (by —ay Xy — ajpxs — als-'fg)}
1

- £+I X3+ [i (b — ﬂzl-’frlI+I — dpx3 — ﬂ’zs-‘fg)] (3.55)

n+1 A w n+1 +1 "
x3' = x3+ LT {by — a3 x{" —apxi’ — 633-’63)]
33

For most systems of equations the value of w can be set to a value somewhere
between | and 2. In this case the method is the successive overrelaxation merhod. If
w Is unity then the method becomes the original Gauss-Seidel method.

Line relaxation methods where subsystems of the equations are used to pro-
vide an update to a number of values at one time can also be used. Also, more
advanced methods are continuously being developed, as further research is carried
out. Such research is needed to reduce the computational effort required to solve
large systems of equations on supercomputers. Advanced methods include Stone’s
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{Smith, 1985) strongly implicit procedure, preconditioning methods and conju-
gate gradient methods which can be seen as matrix manipulation procedures, and
multigrid methods which calculate the solution on a series of coarse and fine grids
in space, swapping between the grids in such a way that any errors are smoothed
out.
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3.10 REFERENCES AND FURTHER READING

Some of the key texts that cover the mathematics of the finite element method are
Burnett (1987), Cook ef af. (1989), Stasa (1986) and Zienkiewicz and Taylor
(1989}, Of these texts, that by Burnett provides the most rigorous and detailed
discussion of the mathematical aspects of the finite element method for solid
mechanics. Other general works are Cook (1995), NAFEMS (1986) and
Hughes and Hinton (1986). The work of Taig is mentioned by Robinson
(1985}, although no work was published on Taig’'s method until Irons (1966).
For the Rayleigh-Ritz method see Ritz (1909) and Reddy (1984).

Numerical solution methods are described by the authors above as well as by
Smith (1985) and Hoffman (1992).



