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MORE ADVANCED PROBLEMS

Both of the examples presented in Chapter 7 might be considered simple problems
as the material considered was isotropic and homogeneous, and a single tvpe of
mesh was used to analyse each structure. In this chapter the use of more advanced
modelling teckniques will be demonstrated, although still with linear static ana-
lysis. First, a beam made of a laminated composite material will be considered and
then a steel frame, which will be analysed using the substructuring technique. In
both examples parts of their structure are subjected to compressive stresses whose
magnitudes have been checked to verify that no buckling instabilities will occur
and so this aspect of structural design will not be considered further.

8.1 COMPOSITE MATERIAL OPEN-SECTIONED BEAM

The purpose of this example is to illustrate the use of commercial software in
providing solutions for the class of engineering structures where the structure is
made from laminations of materials that have anisotropic properties, These
advanced composite materials have been developed over the last 30 years to
have mechanical and other properties that make them attractive alternatives to
the conventional structural materials such as metal alloys.

The word ‘composite’ is used, strictly, to describe a wide range of engineering
malerials whose essential characteristic is that there is more than one distinct
material phase. Consequently, virtually all materials are composites. For example,
in 2 metal alloy the dispersion of two of more phases 1s brought about by careful
heat treatment. Here, however, the discussion of composites will be restricted to
two-phase materials having discrete, long, cylindrical inclusions {or continuous
fibres) in a continuum of a second phase or matrix. The fibres, 2 um or less in
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diameter, are usually of carbon, glass or aramid, although ceramic and metal
fibres are being introduced, whereas the matrix can be of a polymer resin,
metal or ceramic matertal.

Here the discussion will also be restricted to those materials of laminated
construction where different layers are made up of different or similar composite
material with dissimilar orientation of the fibres. Such multi-layered materials,
often referred to as as laminated composites, consist typically of between 16 and
120 laminae. These materials were initially used in the structures of high-
performance aircraft exploiting their high strength-to-weight ratio, but they are
increasingly being used in structural applications across all engineering industries.

Before addressing the actual beam problem, the ways in which these laminate
composites are built up must be considered, as well as the ways in which the finite
element method is adapted to model their material properties. Only after this
introductory materiat can the problem be described and a finite element model
be built and analysed.

8.1.1 Properties of Laminate and Laminated Materials

Figure 8.1 illustrates a unidirectional fibre-reinforced lamina which is the basic
building block of a multi-layered laminate {Halpin, 1992). The material of the
lantina 1s assumed to be homogeneous and orthotropic, i.e. there are only three
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Figure 8.1 Schematic representation of a unidirectionai composite, showing principal axes.
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mutually perpendicular pianes of symmetry of material properties at any one
pomt. Also, it is assumed that there is a perfect bond between the fibres and
matrix, that the composite has linear elastic properties, and that the elastic beha-
viour of the maternial in tension and compression is the same. It is often a good
assumption to assume that stress—strain relationships are linear elastic up to
ultimate failure, as shown in Fig. 2.6(d).

By convention, the principal axes of a lamina are labelled 1, 2 and 3 with the
l-axis parallel to the fibres. Since there is isotropic symmetry in the 23-plane
which is normal to the fibres, a unidirectional reinforced lamina is a transversely
isotropic  material.  Hence six independent c¢lastic constants  (1.e.
En, Ex, Gia, Gx, V13, 153) must be used to generate the terms for the full
threc-dimensional form of Hooke's law, Eq. (2.13). These constants are given in
Fig. 8.1 for the carbon fibre epoxy material used here. Note that the Es are the
principal Young’s moduli and the Gs are the principal shear moduli. Also note
that for the lamina considered here the subscripts on the stresses and strains in
{2.15) need to be changed from x, y and z to 1, 2 and 3, respectively.

Note that there are problems when obtaining material property data for a
unidirectional fibre-reinforced lamina material. Owing to anisotropy many stan-
dard coupon tests {see Sec. 2.2.6), are needed to determine the six elastic constants
and six ultimate strengths. As there are different modes of failure in compression
and in tension, these strengths, along and normal to the fibres, are very different.

Table 2.1 gives a range of mechanical properties for unidirectional materials
with a polymer matrix. This data can be obtained only after the material has
beer manufactured and it depends on the volume fraction of fibre, fibre place-
ment and the method of manufacture. Equally, many combinations of fibres and
matrix are available and new combinations are appearing all the time, so it is
difficult for an analyst to have data for all the materials available. Hence,
analysts must check any lamina data and use only values that will ensure a
safe design.

Figure 8.2 shows a general laminate which counsists of four unidirectional
laminae of constant thickness. Here, the fibre directions are not aligned to the
principal loading direction, the local laminate x-direction (i.e. the 0 degree direc-
tion). To identify the lamination configuration, a notation derived from the fibre
directions, i.e. {(—45/30/30/~435), i1s used. In practice, there are several types of
lamination configuration and a number of these are used in the example.

When a lamina is orientated at a general angle to the local laminate x-
direction of the laminate, the generalized Hooke’s laws (2.13), for the layer are
obtained using standard axis transformations. Note that the stresses and strains
are now in terms of the Cartesian axis system and the terms in matrix [D] are
functions the lamina stiffness terms. Once the stress-strain relationship for the
lamina is known together with its position in a laminate, it is possible to form the
relationships between the stress resultants due to axial forces and bending
moments and the membrane strains and plate curvatures respectively {Halpin,
1992),
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Figure 8.2 An example of notation for a laminate.

8.1.2 Laminated Composites and the Finite Element Method

Here, only a brief introduction to the ways in which the finite element method is
used to model anisotropic laminated material properties will be given. Laminated
composites are usually represented by a scries of equivalent laminated homoge-
neous plates or shells. Here, the standard form of the element {see Chapter 3) is
used, but with the appropriate laminate properties constructed from a compact
description of the laminate stacking sequence and lamina material properties, as
discussed at the end of See. 8.1.1, where relationships for the axial. coupling and
bending stiffnesses are produced.

To develop the element properties, the pre-processor is used to defing the
elastic constants of a lamina and the configuration of the lamination. Then, within
the solver, the stiffness matrices for the laminate can be calculated, and assigned
to the elements. Hence, when dealing with a laminated composite material as
opposed to an isotropic material, it is only the material properties, i.e. the
terms in matrix [D], that change when element stiffness matrices are formed
using (3.9). Note that for all element types, laminate properties may introduce
coupling effects between membrane und bending actions that radically change the
deformation from what might be expected if the material were isotropic. These
coupling effects must be included in the analysis.

Laminated thin-shell elements, both linear and quadratic, are often formu-
lated using approximate solutions to the Mindlin shell theory. This accounts for
shear deformation by forcing the normals to a shell to remain straight but then
allowing them to rotate such that they are not normal any more, Note that the
transverse shear actually causes a normal to become curved. When deformation
takes place, if the normals are assumed to remain straight and normal to the
surface, which is Kirchhoff's assumption, ithe laminated shell element is
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formulated using classical lamination theory. However, as the inclusion of shear
deformation is usually necessary when analysing laminate structures, many
solvers do not use classical lamination theory elements at all.

Once nodal displacements have been calculated, the stresses and strains in
individual {ayers have to be recovered and resolved into the appropriate material
axes. This data is used to determine a number of layer-by-tayer failure criteria,
and these are strongly influenced by the method of stress recovery. For laminates
this 15 often the weak link in the analysis. Interpretation of any failure prediction
is further hampered by the lack of any general consensus as to the best criterion to
use. It is for this reason that failure predictions will not be presented here.

Some solvers allow laminates, and other layered composites, to be con-
structed of so-called stackable plate and solid elements. This allows a partial
three-dimensional analysis to be carried out at a fraction of the cost of a full
layer-by-layer analysis with sclid elements.

8.1.3 Problem Specification

A symmetrical open-section I-beam of length 1600 mm is to be tested in three-
point bending; the dimensions of the T-shaped cross-section are given in Fig.
8.3(a). The web and flanges are formed from laminate panels 2mm thick and
consist of 16 laminae of a unidirectional carbon fibre epoxy high-modulus
material. Three different lamination configurations for web and flange panels
are used and these are detailed later.

The loading arrangement is shown in Fig. 8.3(b}, where simple supports are
placed 1600 mm apart and a central vertical load of 1 kN is applied to the top

Laminate panels
of 2 mm thickness

i i 1

—v . o 2 Al lengths in miflimetres
40 40

(a) (b)

Figure 8.3 The composite material beam problem: (¢} the I-section, (b) the three-point
loading arrangement.
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flange. This load has been chosen to ensure that any displacements of the beam
are small. As well as this configuration, spans of 400, 800 and 1200 mm are also
analysed.

The above situations are analysed for the following reasons:

+ To illustrate how the deformation of the cross-section is affected by the cou-
pling that can exist between bending and twisting, and membrane and bending
actions, when different types of lamination configurations are used.

* To show typical strain and stress cutput from a finite element analysis for a
laminated composite panel.

s To determine the section flexural modulus, and the section shear modulus of
the I-section. Note that a given section modulus is not necessarily the same as
the corresponding material modulus, as the former will be determined from a
theoretical expression for deflection, while the latter 15 determined using stan-
dard material coupon test methods. Both section properties will be found using
an extension of beam theory developed in the next section, together with a
graphical procedure.

8.1.4 An Extension of Simple Beam Theory

In Sec. 8.1.2 it was stated that laminated structures are often modelled with
laminated sheil elements formulated using Mindlin shell theory. This is because
of the important role that material properties play in determining the deformation
of a structure, such that a theoretical model which is acceptable for an isotropic
material may not be acceptable for an anisotropic material. Analysts must, there-
fore, plan a finite element analysis with due regard to the likely deformation
behaviour and, when developing the model, choose the best element available.

To illustrate why, for example, shear deformation is not to be ignored when
using laminated composites, consider again the simple bending problem of a
prismatic beam, introduced at the end of Chapter 2. There, (2.25) gives the general
relationship used to analyse bending. It is derived by assuming that the properties
of the beam can be lumped along the centroidal axis and that when bending
occurs Kirchhoff’s assumption holds. For a small displacement analysis, the
expression

R=4— (8.1}

dx?
where R is the radius of curvature, v is the deflection of the beam in the y-direction

at the centroidal axis and x is the local coordinate along the beam’s centroidal
axis, can be used to form the well-known moment—curvature relationship

M(x) _ d?v(x)

El, dx? (82)
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Expressions for the deflection at any position along the beam can be obtained
using (8.2) if the variation in bending moment along the beam is known together
with the boundary conditions for deflection and its slope.

For the three-point bending problem shown in Fig. 8.3, the maximum deflec-
tion due to bending is at the mid-span and is given by the well-known expression

%
T I8E L

where P is the applied load, L is the span and FE, is the beam section flexural
modulus. Here the negative sign has been ignored for convenience,

Except for the situation where the beam is loaded by a pure moment, shear
forces are always present and are transmitted through the cross-section of the
beam. These shear forces cause shear stresses that give rise to an additional
deflection, known as shear deformation. It can be shown using linear elastic
assumptions that this second deflection component is also maximum at mid-
span and is given by

(8.3)
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where K, is the shear correction factor that accounts for the shear stress distribu-
tion not being constant over the cross-sectional area, (7, is the beam section shear
modulus and A4 is the area of the cross-section. Values for K are available in the
literature for beams with isotropic or orthotropic properties and for a number of
cross-section shapes. However, to simplify (8.4) for the purpose of engineering
design with I-sectioned beams, it is acceplable to assume that
K, = A, /A, where 4, is the area of the web, implying that the shear force is
transmitted by the web alone and that the shear stress distribution is constant.
Combining the deflection components from bending and shear, the maximum
deflection is given by

pr’ PL

BET | 4GoA, (8:3)

Vmax = Vb V5 =
It is usually acceptable, however, when considering isotropic beams to ignore
the shear deflection component. To see why, consider the relative magnitudes of
the two deflection components. Looking at the terms in {(8.5), it can be seen that
¥ 12E,1

S R (8.6)
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I the material is isotropic, then the ratio £,/G, (or E/G) is 2.6. For this case the
shear deformation is small compared to the bending deformation, provided that
the beam has a span-to-depth ratio of greater than 5. For typical steel beams this
is the case. If not then the beam is termed stocky and shear deformation must be
accounted for. The situation is, however, very different for an identical beam
made of laminated composite material, as £, /G, is much greater than 2.6, pos-
sibly 30 or more. Hence, from equation (8.6), v, cannot be ignored. As a rule of
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thurnb the shear deformation contribution to v, must be included for a lami-
naied compositc beam when the span-to-depth ratio is less than 25,

In Fig. 8.3, the span-to-depth ratio for the beam is 19.5, but this decreases to
4.9 when the span is 400 mm. For all cases, therefore, the shear deformation
behaviour is expected to be significant and so this beam problem cannot be
modelled using standard one-dimensional beam elements, as would be the case
if matertal were isotropic.

8.1.5 Defining the Finite Element Model

Before beginning to build a model of the beam, the problem must be considered a
little more. To take advantage of any symmetry in the problem a suitable choice
of coordinate system and origin 15 required. Figure 8.3 shows the global system,
where the x.direction is along the span of the beam, the p-direction 15 1n the
vertical direction and the z-direction is horizontai across the flanges. For this
system, the origin is placed at the mid-span in the x-direction and at the centroid
of the cross-section (i.e. at mid-depth of web).

There are also certain expectations of the deformation of the beam when
subjected to three-point bending. Applying symmetry arguments, the cross-
section at mid-span will be restrained such that it moves only in the z—y plane,
i.e. it is a plane of mirror symmetry. If the material is isotropic and any displace-
ments are smali, then from Kirchhoff’s assumption the normals will remain
straight and normal, such that any cross-section remains planar. In this situation
(2.25) holds and so, given the symmetry in the x-direction, only one-quarter of the
beam uneed be modelled. However, sections do not necessarily remain planar
because of shear deformation and coupling effects, as discussed in the last section,
and so the model will be for the half-beam about the mid-span. Finally, if the mid-
span plane is retrained to move in the y—z plane, then one of the simple supports
must be free to move in the x-direction to prevent membrane action being induced
in the flanges.

Geometry and mesh description The geometry of the physical beam is shown in
Fig. 8.3. As the panels have a thickness of only 2 mm relative to a minimum width
of 40 mm, they can be considered to be thin plates. This leads us to use elements
known as thin laminated shell elements to model the beam. These elements are
placed such that they are at the mid-plane of the panels, and so care is needed to
ensure their correct location. Each of the three rectangular panels of the beam
must be modelled as shown in Fig. 8.3, but the depth of the model will be only
80 mm to account for the *zero’ thickness of the elements. Only when the laminate
properties are defined for the elements will the model simulate the correct depth of
the beam. Note also that quadratic elements are used because they provide the
best solution of all the element types available,

Meshing the beam is relatively simple in this case as there are three flat areas
to mesh, each 800 mm long and 80 mm wide. Lines in three-dimensional space can
be used to define simple flat surfaces for each side of the upper flange and the
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upper half of the web, and these surfuces are meshed with a run of 20 quadrilat-
eral elements which are 40 mm square. There will be no distortion from the pareat
element shape. This mesh can then be mirrored in the x—: plane to produce the
final mesh of the half-beam. This mesh is shown in Fig. 8.4 and consists of 120
elements, 413 nodes and 2478 nodal degrees of freedom.

Materials As the element type has been specified as a shell, the laminate material
properties must be assigned to each element. For each element there is a local
coordinate system which, as the elements are essentially planar, is just x and y.
Here the local x-direction for a laminate element coincides with the global x-
direction of the beam, as shown in Fig. 8.4. These laminate properties consist
of axial, coupling and bending stiffnesses which are generated by the pre-proces-
sor using a laminate modelling facility. The user has, typically, two options to
produce the lamina elastic constants, either entering thein directly or entering the
fibre and matrix constituent propertics and allowing the software to calculate the
constants using micromechanical formulae. Then the user supplies the orientation
and thickness of each lamina in the stacking sequence, starting at the bottom layer
and working to the top layer.

In this case, the former method was used to enter the unidirectional ¢arbon
fibre epoxy lamina data given in Fig. 8.1. Then 3 different examples of laminates,
each 2mm thick with 16 layers of this lamina, were constructed. Their laminate
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Figure 8.4 Mesh construction and boundary conditions.
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Table 8.1 Examples of lamintes used for the beam problem

Label Lamination notation/type Description

Laminate 1 (0;90/0/90;0/90,0/90/90/0/90;0/90/0/90/0) Symmetrical cross-ply

Laminate 2 (0/ — 45/90/45/0/ — 45/90/45/45/90/ — 45/0/45/90/ — 45/0} Symmetrical
QuUAS-TSOLtTOPIC

Laminate 3 {0/ — 45/90/45/0/ — 45/90/45/ — 45/0/45/90/ — 45/0/45/90} Antisymmetrical
quasi-isotropic

configurations are defined in Table §.1. Clearly, a large number of laminate con-
figurations could have been used. These three configurations have been chosen
because each represents a specific lamination type with a certain deformation
behaviour. In reality, it is not easy to produce a beam with any general lamination
configuration. One practical option is to manufacture a laminated I-section by
jomning two 8-layer channel sections back-to-back and then adding one 8-layer
plate to each flange to achieve the appropriate thicknesses. Such an option may be
used to produce the laminate configurations in the table.

Considering each of the laminate configurations in turn, the following may be
seen:

¢ Laminate | has an equal number of 0° and 90° orientation laminae, stacked
symmetrically about the mid-plane. Hence, the laminate stiffnesses for a thin-
shell element are those of an equivalent orthotropic material, i.¢. there is no
coupling between bending and twisting and membrane action and bending. It
can therefore be expected that a beam made of this material wil] behave in a
way sintilar to an isotropic beam.

¢ Laminate 2 is a quasi-isotropic laminate, as it has an equal number of layers
with orientations of 0%, 90, 45°, and - 45°. It also has a stacking sequence that
is symmetrical. Such a laminate, when produced with carbon fibre reinforce-
ment, 18 known as black afuminium, because all its stiffnesses do not change
significantly with angle. The presence of the 45° laminae introduce bending
coupling stiffness terms that cause the material to bend as it twists and twist as
it bends. However, when such a panel is subjected to membrane deformation
there is no coupling with bending deformation. This feature of the deformation
is due to the symmetrical stacking sequence.

e Laminate 3 has the same laver orientations as laminate 2 and is of the quasi-
isotropic type. However, the stacking sequence about the mid-plane is what is
termed ‘antisymmetrical’. Now the laminate has coupling between membrane
and bending deformations, but the terms which denote bending—twisting
coupling are zero.

Loads and restraints Remembering that the load applied at the mid-span is 1 kN
(see Fig. 8.3), and that symmetry has been applied such that only half of the beam
is modelled, only 500 N need be applied at the mid-span for the moedel. This lead
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can be assumed to be uniformly distributed across the upper flange. To calculate
the load that is applied at each node, consider the length over which the load acts.
Figure 8.4 shows that the inner nodes along the line at the mid-span of the upper
flange act over twice the length when compared to the edge nodes, and so twice
the load is applied to the inner nodes. Hence, the two nodes at the free edges have
point loads of ~62.5N in the y-direction applied to them and the three internal
nodes have pomts loads of — 125N in the same direction applied te them. Here,
the minus sign indicates that the load is acting in the negative y-direction. Note
also that the arrows which denote the loads shown in Fig. 8.4 are all of one length
and so0 the graphical display cannot be used to check the accuracy of the model in
this case.

Applymg the correct restraints to the nodes that are on the mid-span plane of
the beam must ensure that the nodes stay in the y—z plane and move ¢nly in the y-
direction. This involves allowing only the v-displacement to be free, while setting
the u- and w-displacements and the 8., 8, and 8. rotations to be zero.

To model a simple support, the nodal displacement boundary conditions can
be one of two types. If the deformation is such that sections remnain planar, then
all the nodes across the width of the bottom flange at the support location have
their nodal displacement » and rotation 4. set 1o be free. A value for u set to zero
represents the situation where axial shortening of the beam is not allowed, and
this has not been included when deriving (8.5). If sections do not remain planar,
i.e. there is twisting of the section which causes warping of the section, it can be
observed that the rotational nodal displacements at the support may be nonzero.
To model both cases, the node at the bottom of the web has its nodal displace-
ments v and w fixed to be zero, while all other nodes across the widih of the
bottom flange have their degrees of freedom left free.

In Fig. 8.4, double-arrowheaded vectors are used to show those nodal dis-
placements that are fixed. This can be used to check whether the conditions
imposed on the model are those required.

Analyses For each of the three laminates in Table 8.1 models have been built, as
described, to represent spans of 1600 mm. Also spans of 400mm, 800mm and
1200 mm have been modelled by moving the position of the simple support.
Linear static analyses have been carried out for each case.

8.1.6 Results of the Analysis

Once an analysis is run the raw data is checked to make sure that the stresses
and displacements are acceptable. This 15 done visually using a graphics term-
imal and, for the cases run here, both ihe stress and displacement values are
found to be smail. Hence, the underlying assumptions of small displacements
and linear elasticity are seen to be valid. Now, the results can be analysed in
more detail.
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Displacement contour plots To iliustrate how the deformation of the beam alters
with different lanunate configurations, Figs 8.5 to 8.7 present displacement con-
tours for the three laminates on the model of half-beam span. The contours are of
consfant v-displacement, i.e. in the global p-direction, and are drawn on the
deformed geometry so that the giobal deformation is visible. For reasons of
clarity the undeformed geometry and the mesh are not shown here. However,
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Figure 8.5 Contours of v-displacement on the deformed beam with laminate 1 (cross-ply}).
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Figure 8.6 Contours of v-displacement on the deformed beam with laminate 2 (symmetrical
quasi-isotropic)
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#0 show that it is correct to allow the u-displacement to be free at the simple
support, the original location of the support is shown. In all the figures, the
contours have a uniform interval chosen by the analyst.

From the figures it can be seen that the displacement component v is negative
as the beam deflects in the negative y-direction. In design the minus sign is ignored
as it is the magnitude that is required, the direction being unimportant for safe
design. Next, note that the contours are not wniformly spaced along the beam;
they become closer together when moving from the mid-span to the end of the
beam. This is indicative of a parabolic variation in v along the beam, which is
expected from the moment—curvature expression.

If plane sections of the beam remain plane under loading, then this is shown
by the displacement contours being undistorted and at right angles to the cen-
troidal axis of the heam. For the beam made from laminate 1, Fig. 8.5, this is the
case as expected. Laminate 2, however, should lead to some twisting, but this
cannot be seen in Fig. 8.6. If the raw nodal displacements are interrogated, then
some slight twisting of the flanges is found, but that the magniiude of the twisting
15 too small to be detected from the contour plot. This shows that relying exclu-
sively on visual interpretation of the results can lead to incorrect answers. Figure
8.7 for the beam made with laminate 3 is very different from the other two, as
significant distoriion of the cross-sections of the beam is visible. Comparing Fig.
8.7 for an antisymmetric laminate with Fig. 8.6 for a symmetric laminate, the
membrane-bending coupling of the antisymmetric lamimate can be seen to have a
large mfluence on the deformation behaviour. For this reason, in real structures,
antisymmetric laminates are not normally used, unless their membrane-bending
coupling is desirable.

Also shown in each figure is the maximum vertical deflection. The beams
made from laminaies 2 and 3 have a similar value, showing that the strong
coupling effects do not affect the maximum bending deflection. This has impor-
tant consequences as (8.5), which has been derived by lumping properties of the
beam along the centroid axis, as introduced in Sec. 2.3.1, can be used to determine
Vmax [OT any laminated composite beam subjected to three-point bending. This
does not mean, however, that any coupling effects present in the beam can be
neglected in the overall design process, because they will undoubtably have an
influence when designing such things as joints and supports.

Laminate stress and strain output Having looked at the global deformation of
the structure, the stress and strain within the laminate matenal iiself must now be
analysed. This is done within a spectalist post-processing facility designed 1o
handie multi-layered materials. This facility combines the ncdal displacements
for the thin-shell elements that represent the laminate, generated by the solver,
with the laminate stiffnesses, laminate configuration and lamina elastic constants,
to caleulate layer stresses, with reference to the local Cartesian coordinate system
of the faminate.

Analysts must expect that this process cannot generate accurate results for the
individual layer in-plane stresses, o, , a, and 7,,, and the interlaminar stresses, 7.
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and 7,.. These last two shear stresses are often estimated only approximately, a
common method being to use simplified layer-by-layer equilibrinm equations.
Note also that, normally, the laminate post-processor does not generate cutput
for o, the through-thickness stress, known as the peel stress. As laminates are
susceptible to delamination damage, caused by such stresses, this lack of informa-
tion is very serious. These comments on accuracy also apply to the recovery of
layer strains.

Examples of the graphical output that can be obtained for a given thin-shell
laminate element are shown in Figs 8.8-8.11 for a beam of span 1600 mm made
for laminate 1. The stress and strain recovery has been carried out for the element
marked in Fig. 8.4. These values are at the centroid of the element.

1.0 1
£

= 05 _
g
o ¥ is shear sirain
=
E 00 £, _
=
£
=
g —05[ .
=

-10 ! ! 1 1 i 1 !

-350 —300 -250 -200 -150 -1000 -—50 0 50

Strain, pe

Figore 8.8 In-plane strain profile for the compression flange with laminate 1.
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In Fig. 8.8, the in-plane strain profiles are continuous and vary linearly
through the materiat thickness. This shows that normals have remained straight,
a feature of Mindlin shell theory (Sec. 3.8.2), and that the compatibility require-
ment is satisfied. Using (2.25), with the flexural modulus £y, for laminate | in
Table 8.2, it can readily be shown that the top surface strain (¢,) is - 300 ps and
that the bottom surface strain is — 315 e, a difference of only 15 ues. The finite
element results are in good agreement with this strain due to bending about the
horizontal z—z axis. Such an observation indicates that the flanges resist the
bending by membrane action, this being the general situation when the walls of
an I-section beam are thin, The nonzero values for £, the strain perpendicular to
the longitudinal axis of the beam, show that there is the expected deformation in
the plane perpendicular to the beam’s lengih, as introduced in Sec. 2.3.1.

In-plane stresses are plotted in Fig. 8.9. Although the stress profiles vary
linearly through the thickness of a lamina the values are different from layer to
layer because of the different material properties in each layer. The stress o, is
highest in the stiffer 0° layers of the cross-ply laminate and, as expected because of
the inherent errors in the finite element model, the results for o, and 7, are not
exactly zero, but oscillate around this value. In each layer, the in-plane stress
distribution in each layer satisfies the equilibrium requirement.

Transverse shear strain and shear stress profiles through the top flange lami-
nate are presented in Figs 8.10 and 8.11. Through thickness shear values are very
small because the majority of the shear force is iransmitted by the web. Both
strain and stress profiles are close to the parabolic shape that is predicted by
conventional elastic theory. The deviation of the results from the expected
shape is a consequence of using simplified equilibrivm considerations to calculate
the shear values.

Having obtained the above profiles in Figs 8.8-8.11 it is usually possible to
plot them on a layer-by-layer basis having transformed the laminate local axis
strains and stresses to be in the principal axis system (see Fig. 8.2). These principal
values are then used for the prediction of failure. Von Mises® equivalent stress is
no longer relevant here, since failure of a lamina, and hence the laminate, is
directionally dependent. The anisotropy of the material also tends to mean that

Table 8.2 Section moduli of heam compared to in-plane and flexural moduli of
laminate

Modulus values, kN mm 2 (GPa)

Laminate Section Laminate in-plane Laminate flexural
Eb GIJ El‘ G.\_r E.\.::

1 798 4.46 779 5.33 925

2 57.6 208 63.0 21.6 #0.7

3 57.1 18.2 63.0 21.6 66.0
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Figure 8.10 Transverse shear strain profiles for the compression flange with laminate 1.
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Figure 8.11 Transverse shear stress profiles for the compression flange with laminate 1.

the individual stress components are more likely to cause failure and this is one
reason why post-processors have the options discussed here. However, note that
there can be difficulties associated with using fimite element analyses to predict
such failures.

Often the actual stress causing failure is at a free edge of the matenal and the
calculations are carried out at the centrond of the element. Also, it is not necessa-
rily the largest stress that causes failure. It has been established that the error in
any stress component is 5 per cent of the maximum siress component. This
indicates that if a stress component causing failure is an order of magnitude
less than the maximum component, then the error in this stress can be 30 per
cent, and as such is not useful in predicting failure.
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Determination of section moduli When developing (8.5) for the mid-span deftec-
tion. it was stated that E, and G, were those of the section. To determine their
values for a laminated cormposite I-beam there are a number of alternative pro-
cedures; one of these uses solutions from finite element analyses and will be
demonstrated here.

Rearranging (8.5) gives

Viax 1 2 !
PL = BELY Ticoa, (8.7)

which is the equation of a straight line if vy /PL is plotted against L°, with
gradient 1/48E,[, and intercept 1/4G,A,,. For the beam section being considered
here, the second moment of area f, is 5.91 x10° mm* and the web area 4, is
160 mm®. Hence by plotting v, /PL against L? for various span lengths, the
gradient and intercept can be found, giving the section moduli.

While the location of v, may be at any point within the mid-span section, to
be consistent with {8.5) the value of deflection at the centroid of the section has
been used. Figure 8.12 shows the results from the beam made of laminate 1. Note
that the four data peints give an approximation to a straight line, and so the
gradient and intercept are determined using the least-squares method to fit the
best straight line through the data.

Results for the section moduli produced using this graphical method are given
in Table 8.2 together with the equivalent axial moduli for the laminate panels. As
the I-section is thin-walled, when the section is flexed the flanges are subject to
mainiy membrane action as the strain variation through their thickness because of
bending is small, as shown in Fig. 8.8. 1t ts not surprising, therefore, that E, of the
laminate is, for the purpose of design, a conservative approximation to E,. Here,
the difference is due to the actual location of the layers with respect to the axis of
bending. Similarly, G,, is a conservative approximation to Gy,. Such a favourable
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Figure 8.12 Dectermination of the section modulus with laminate 1,
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comparison i$ not found if the section has thicker walls, and so it is always
sensible to use the graphical procedure demonstrated here, with data either
from a series of computations or from laboratory testing, to determine the section
moduli.

The laminate itself also has its flexural moduli. One of these, £, _. is the
modulus in the x-direction when a single laminate is bent about the z—: axis.
This flexural modulus is much higher than the equivalent flexural modulus for
the section, and this comparison illustrates, yet again, the importance of material
properties in the analysis of structures. Note that all three £ values are the same
for an isotropic beam—the Young's modulus of the material.

This I-beam example has introduced a number of features that are relevant
when analysing structures made from laminated composite materials. There are
many more features that can be studied. and those requiring additional informa-
tion on the analysis of composite material structures are recommended to study
the comprehensive work by Taig (1992). This NAFEMS publication is a very
practical document, exploring all aspects of those commercial packages available
at the time of publication, together with a discussion of their weaknesses and
degree of applicability of their features.

8.2 DESIGN EXAMPLE WITH SUBMODELS

8.2.1 Overview of the Problem

In all analyses, the aim is to have as few ¢lements and spatiai dimensions as
possible, so that both the overall cost of the analysis and the numerical mamp-
ulation errors are kept to a minimum. One way of doing this for complex
problems is to carry out a variety of analyses using, where necessary, omne-,
two- and three-dimensional elements to determine the results required. To illus-
trate this, consider the design of a frame made up of thin-walled steel tube mem-
bers, the ends of which are welded together to form the joints. This frame
supports a vibrating machine, but as an approximation only time-independent
loads are assumed to be transmitted through the joints into the frame.

When analysing such a frame, a first step is to model the skeletal structure as
either a series of one-dimensional bars with pin joints or as a set of beam elements
with fully rigid joints. The mesh is generated by hand and the range of member
stresses and/or forces and of joint and member deflections in the frame are
obtained from a series of analyses carried cut with static loads applied. Joint
behaviour, however, for this practical situation 1s not predicted in any detail.
For example, in this case, the analyst may need to know the local stresses in
the vicinity of the connections so that the welds can be designed to avoid a fatigue
failure.

It can be seen that to model this situation the use of one-dimensional elements
alone is not appropriate. Such a one-dimensional analysis may, however, still be
useful if the information it generates can be used for further local analyses of the
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joints. This is an example of what 15 known as substructure (or subregion) mod-
elling, as described by Knight (1993). Here, results from the frame analysis can be
used as boundary conditions for the subsequent analysis of a joint, where both the
joint and a length of each the members attached to it can be modelled with two-
dimensional shell elements. This allows both in-plane and bending behaviour of
the joint system to be modelled. If this second-level model does not provide
stresses suitable for design purposes then a third-level model of solid three-dimen-
sional elements, with or without shell elements, may be necessary,

Note that only through experience will an analyst know how to formulate the
subregion models such that an appropriate number and types of element are used
to determine the required deformations and stresses with the degree of accuracy
necessary to meet the design requirements.

8.2.2 Problem Definition

This example is used solely to illustrate a number of features of the finite element
method and so it does not correspond exactly to a real design situation. Hence,
the type of frame and loading arrangement is not typical of those used in practice.
However, property data for commercially available steel members has been vsed.
Interested readers are referred to any of the available design guides for the con-
struction of frames with hollow steel sections, such as that by Packer, Wardenier,
Kurobane et ai. (1992).

For this example, a space frame of nominal dimensions 3000 x 1500 x
1500 mm is construcied from steel sections. Members are chosen from a range
of welded tubes of rectangular and square section. As is typical of these steel
frames, the method of connection at the joints is welding and, to achieve full
strength, full-penetration butt welding is used.

This frame 1s to support a static or dead load, a machine that weighs 72kN
(equivalent to about 7 tonnes), above ground level and so the base of the frame is
attached to the ground. At this stage in design the dead load of the frame itself is
unknown, but it is not expected to be more than 5 per cent of the machine’s dead
load. A number of components on the machine move such that the frame is
subjected to dynamic loading in addition to the dead load. It is therefore one
of the design requirements that the welded connections have an adequate fatigue
life. To mode! the structural behaviour it can be assumed that loading is of
constant amplitude and of low frequency such that the dynamic loading can be
modelled in the finite element analyses by a quasi-static loading, thus enabling
results to be obtained from a purety static analysis.

It is known that the motion of the components provides a dynamic magnifi-
cation to the dead load of 1.25, making the maximum total vertical load 90 kN
and the minimum load 54 kN. In addition, there is a horizontal dynamic load
component equal to 0.2 of the dead load. Both dynamic induced loads act in the
plane parallel to the ionger side of the frame which is illustrated in Fig. 8.13. The
dynamic loading perpendicular to this plane is found to be sufficiently small such
that it can be neglected.
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Figure 8.13 The nominal geometry of the frame.

Preliminary design studies show that the frame has the geometry shown in
Fig. 8.13, where the joints on one side of the frame have been labelled to aid the
following discussion. To simplify the design process advantage is taken of sym-
metry and so only the plane frame that is labelled and which is subjected to only
half of the loading need be considered. In the preliminary design studies account
has been made of the way in which the machine 1s mounted to the frame at points
along the horizontal member FAH. From this, the maximum quasi-static load
distribution is known and is shown in Fig. §.14. The vertical component of
load is represented by & linearly varying distributed load of value 2N mm~' at
joint F and 48 Nmm™' at joint H. This load distribution is equivalent to a
resultant concentrated vertical force of 45 kN acting between joints F and H at
a distance 0.9 m from joint £. The horizontal component can be considered to

1500 =i4 1500
C D E
R
= 1ZNmm! 48 N mnt'
—»
. 4.5kN HN4.5kN
2
)J
4 . B
&
rl
“Fso T 1500 1¢ 750

Figure 8.14 Loading on one plane frame section.
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consist of two equal concentrated forces of 4.5kN that act at joints F and H. The
loading from the machine is considered to be transferred at the joints into the
frame as shear forces only. For this situation to be realized the connections
between the machine and the frame have to be pinned, ensuring that there are
no moments.

To perform the fatigue design of the welded joints it is necessary to conduct
four analysis types of increasing complexity:

. apin-jointed frame analysis to determine the axial forces in the members and
so to ailow the appropriate sections to be chosen from a range of commer-
cially available welded tubes

2. arigid frame analysis to determine the overall response of the structure and to
check the suitability of each of the members in terms of peak stresses and
deflections

3. a local analysis of the critical joint H, using a thin-shell finite element model,
to obtain estimates of the peak stresses at the welded connections

4. a more refined local analysis of joint H, using a solid finite element model, to
obtain more accurate peak stresses in the vicinity of the welds.

Note that analyses | and 2 use frame models where the members are modelled as
one-dimensional members placed along their longitudinal centroidal axis. These
analysis types are often considered as forerunners of the finite element method
(Coates et al., 1988). All four analyses can be performed using the finite element
method but in this case results will be presented only for types 2 and 3. Also note
that the stress results from analyses of types 3 and 4 are used to design the welds
agawnst fatigue failure, but there 15 not the scope in this text to detail the proce-
dure.

8.2.3 Analysis of Pin-jointed Frame

Prior to conducting a finite element analysis to determine the displacements and
stresses it is necessary to choose the steei sections to fabricate the frame. To do
this the designer needs to know the forces in the members and the simplest
technique is to model the frame as a pin-jointed structure. Note, however, that
for the frame shown in Fig. 8.14, the distributed loading along member FH
induces bending in that member which is transmitted throughout the frame by
the joints. This could be important when choosing the section sizes, but will not be
predicted by the pin-joint analysis as only axial member forces are determined.
Figure 8.15 shows the plane frame where it is assumed that all joints are
pinned. that all members are struts, i.e. they can transmit only axial forces and
that, at each joint, the centrelines of the members are coplanar and concurrent.
For this analysis the vertical loading is been modelled as acting only at ends of
member FH, with the values of 18 and 27 kN determined from an application of
static equilibrium to the distributed loading. It 1s assumed that the loading has a
line of action coinciding with the centroid plane of the frame. In practice, there
will be eccentricity causing a moment about the x-axis. Our ideal assumption
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Figure 8.15 Analysis of the plune framc with pin joints.

simplifies the analysis and is vahd provided that the resultant out-of-plane
moment is small. This is yet another situation where engineering judgement is
used to reduce the complexity of the model. If the effect of the out-of-plane
moments is to be included, then the model needs to be three-dimensional.

Next, the supports for the frame are modelled such that the whole problem is
statically determinate and the reaction forces can be determined from considera-
tions of static equilibrium alone. Joint B is assumed to be fixed in space and joint
A is assumed to be free to move in only the horizontal direction, hence joint A is
shown in Fig. 8.15 fixed to a roller support.

Some discussion of the choice of these ideal support conditions is necessary.
In practice, the frame may be supported by the strong floor of a factory via
elastomeric bearings placed at its four corners. These bearings are used to
reduce the transmission of the dynamic excitation through the floor into the
fabric of the buiiding and. commonly, they are produced from viscoelastic
rubber. To work effectively, the bearings must have a stiffress much smaller
than that of the frame and its members, but this leads to problems if the
bearings are modelled as spring elements in the full finite element analysis as
a result of ill-conditioning, as described by Coock efal. (1989). To prevent
occurtence of this problem, which is not easily remedied, ideal rigid support
conditions are used.

By considering the static equilibrium of each joint in turn (Coates etal.,
1988), the forces in the members can be determined and these are shown in Fig.
8.15. From these forces the choice of section can be made. Here, sections from the
British Steel COLDFORM range of hollow rectangular and square sections are
used. To aid the designer, technical data sheet TD 341/20E/91 (available from
British Steel's advisory service) provides data for each section, giving an axial
tension and compression resistance to prevent buckling. Note that the grade of
steel is 50/45 having, for the purposes of structuratl design, a yietd strength (oy) of
350Nmm™? and an ultimate tensile strength (o)) of 430 Nmm™>. Also, the
isotropic homogeneous material has the following elastic constants: Young’s
modutus. 205 Nmm > and Poisson’s ratio, 0.3.
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As all members in the frame have to resist a combination of stresses due to
axial forces, shear and bending it was decided to choose section sizes that have an
axial resistance at least three times the axial force given in Fig. 8.15. Members 4F,
FD, FH, DH and HB are thus fabricated from rectangular section material which
15 80 mm deep by 40 mm wide and has a wall thickness of 4 mm. All other mem-
bers are made from square section material 40 mm deep and 40 mm wide, with a
wail thickness of 4mm. This smaller section material is also to be used for the
members that connect the two plane frames shown in Fig. 8.13. Note that the
deeper section has a tension capacity of 294 kN and a maximum axial compres-
sion resistance of 135 kN (minor axis buckling), while the values for the shallower
section are 182 and 72 kN, (major and minor axis buckling respectively).

When assembling the frame, the members are connected such that the cen-
troidal axes are coplanar and concurrent, as was assumed for the pin-joint ana-
lysis, and so there is no joint eccentricity to make subsequent analyses more
difficult. Note also that using just two section sizes, each of width 40mm,
ensures that the fabrication process is straightforward and that the joints have
the full section strength. Finally, the actual dimensions of the frame are now
3040 x 1540 x 1540 mm.

824 Rigid-frame Finite Flement Model

If the frame is to be loaded solely at the joints and has a construction such that it
is statically determinate then the pin-jointed analysis can be used to determine
accurately the joint strengths and deflections {Packer et af. 1992). However, this
frame has to transmit some bending due to the distributed loading on member
FH. Hence, to determine a statically admissible set of moments, shear and axial
forces throughout the frame, a finite element beam analysis of the rigid-jointed
frame can be made.

In Sec. 3.8.1 a linear bending beam element was developed that did not model
the effect of shear deformation. Such an etement models the prismatic member
subject to a loading normal to the centroidal axis by lumping afl the properties
along this axis and assuming that the bending deformation causes the normals to
this axis to rotate but remain normal. These elements have two nodes, each
possessing two degrees of freedom and. in standard texts, such an element is
referred to as the beam element. Commercial packages generally do not include
such a simple two-dimensional beam element alone, rather they include a three-
dimensional beam glement that possesses six degrees of freedom per node. This
element is the combination of four simple elements: a torsional element, an axial
element. a major-axis bending element and a minor-axis bending element.

These beam elements are defined within the pre-processor, usually in a mod-
ule specifically provided to handle beam elements, by specifying the geometry of
the section. Geometrical properties for a section are then calculated and are
assigned to the appropriate beam elements within a mesh during the solution
phase. Here, two structural sections are used and so two sets of element properties
need to be defined.
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Next, a mesh of these beam elements has to be created to model the geometry
of the plane frame in the x—y plane of a global Cartesian axis system, where the
origin has been chosen to be at joint 4. For a frame structure it is not necessary to
consider meshing areas or volumes as the continuum is modelled by one-dimen-
sional elements. Te model this frame, the mesh shown in Fig. 8.16 has been
constructed by fisst defining the positions of the 24 nodes and then connecting
them with beam elements to which the correct section properties have been
attached. Note that the positions of the nodes in the vicinity of joint H have
been chosen carefully. as the calculated nodal forces and moments at these posi-
tions are used as boundary conditions for the substructure analysis presented in
Sec. 8.2.5.

Then the isotropic material properties of the beam elements can be defined.
These are taken from technical datasheet TD 341/20E/91 for British Steel’s steel
Grade 45/50. Note that the analysis needs only the elastic constants for the steel as
the stress resuits from a beam model cannot be readily used in a failure prediction.

Boundary conditions are then entered te define the loading arrangement and
support conditions of the model and these are shown in Fig. 8.16. Here, the
support conditions at joints 4 and B are the same as those for the pin-jointed
truss model shown in Fig. 8.15. To enforce these restraints the nodal displace-
ments »# and v are zero at joint B and the displacement v 1s zero at 4. With the
loading acting in the x—y plane there is no requirement to speaity, at cach node,
that the nodal displaccment w, and the rotations #. and #, are zere. These nodal
displacements remain inactive automatically. -

The loading defined in Fig. 8.14 is modelled in two separate parts, First, the
horizental concentrated forces at joints I and A are entered as nodal forces of
4.5kN in the x-direction and zero in the y- and z-directions. Then the vertical
distributed loading along the length of member FA, shown in detail in Fig, 8.17 as
a distributed load with a linear variation, 1s allocated to each of the five beam
elements representing the member FH . This is usually done using a general beam
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Figuore 8.16 A beam element model for a rigid-joint analysis.
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Figure 8.17 The load distribution for the elements along member FH.

loading facility where distributed loadings of any vanation can be applied.
Finally. before the displacements and stresses are calculated, a check is made
on the reaction forces to see that they balance the apptied external loading.
Figure 8.18 shows the deformed shape of the frame together with the unde-
formed shape. As anticipated, the largest deflections occur in the horizontal
member FH. In fact, the maximum deflection is about 5mm, which is ﬁ of the
span. and this is considered to be within the design specification. By comparing
the deformed and undeformed shapes of the frame, it is apparent that joint H is
experiencing the highest deformations and so is the critical joint in the frame.
Results from the static analysis can also be presented in the form of displays
of the beam forces and stresses along the length of the beam elements super-
imposed on the mesh. Figures 8.19-8.22 show the information for the bending
moment (M.) and axial force (F,) distributions and their stress distributions.
Solutions for the shear force and stress are not given here because shear does
not influence decisions in the design of the frame. Note that the bending stresses
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Figure 8.18 Displacement of the frame calculated using beam elements.
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Figure 8.19 Bending moment distribution in the frame.
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Figure 8.20 Axial force distribution in the frame.

are calculated from the bending moments using the bending formuta of (2.25),
and they are calculated as the maximum value, that is at the surface of the section.
For example, the maximum direct stress at the mid-span of member FH as a result
of bending is at a distance of £40 mm from the centroidal axis. Clearly, the axial
stress in Fig. 8.22 1s calculated by dividing the axial force by the cross-sectional
area of the beam member, and this geometric property is determined when the
section is constructed in the beam creation facility.

Combining the two direct stress components gives the stress output displayed
in Fig. 8.23. Note that this combined stress may be given as a magnitude only.
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Figure 8.21 Distribution of maximum bending stress in the frame.

« D E

Maximum axial stress due
0 5 —d4.6 N mm—=2

Figure 8.12 Distribution of axial stress in the frame.

This stress can be used to check the suitability of the beam section sizes.
Disregarding the areas of the joints, the maximum tensile and compressive stresses
are 0.6 of the yield stress given and this is considered to be a safe design.
Focusing on the critical joint, joint H, Fig. 8.24 gives the combined siress
values at this joint calculated from the element forces for the four beam elements
that meet at this joint. The variation in the values is very high, such that it is
impossible to establish the maximum stresses that the butt welds of the joint need
to transmit. As it is these stresses that are needed for the fatigue design, they have
to be modelted using a substructuring technique. This requires that the boundary
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Figure 8.23 Distribution of maximum combined direct stress in the frame.
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conditions are provided by the frame analysis; these are presented in Fig. 8.24 as
the forces and displacements at nodes | to 4.

8.2.5 Modelling the Substructure with Shell Elements

As was observed above, the stress output from a rigid frame analysis cannot be
readily used to design the joints. One approach to obtaining an improved stress
solution is to model the hollow sections of the complete frame with thin-shell
elements but there are several reason why this is not an attractive option. First,
this analysis takes a lot of effort and does not necessarily provide all the informa-
tion required. Second, it is clear from the frame analysis that joint H is the critical
joint, and so if it can be demonstrated that this joint design is acceptable in terms
of its fatigue performance, then the rest of the butt-welded joints will be accep-
table. Finally, as the real purpose of this particular example is to explain how real
engineering problems can be modelled, it is more appropriate here to illustrate the
important modelling technique known as substructuring.

QOccasionally, a finite element analysis will produce a sclution which is good
over most of the continuum but which lacks accuracy and convergence in one or
more local regions. On other occasions, the model may be complex and contain
many components such that mesh refinement in all regions becomes impractical,
leading to the exhaustion of the computational resources or the limits of the
numerical accuracy being exceeded. These common situations call for the ability
to model a substructure or subregion alone but subject to the influence of the
overall problem under consideration.

There are a few methods available that can be classed as substructure model-
ling and these are introduced by Knight (1993). Here, an approach will be used
that takes the output at specific nodes of the overall frame model and, from this
cutput, establishes the boundary conditions for a substructure model of joint H,
where thin-shell ¢lements are used to represent the walls of the hollow sections.

Note here that it is expected that a thin-shell finite element model of the joint
will give an improved stress prediction in the vicinity of the welds, However,
modelling of the welds themselves is largely ignored. For example, the mechanical
properties of the weld material are not accounted for, nor is the the actual geo-
metry, as the actual weld thickness is greater than the wall thickness modelied and
also fillet radii at the welds are 1gnored. These factors must be allowed for when
interpreting the results of the substructure analysis. If further refinement is neces-
sary to take proper account of the welds, then the solution for the thin-shell
element model can be used to provide the boundary conditions for a more loca-
lized substructure model of solid elements. Any such solid model will have many
elements and degrees of freedom. if element aspect ratios are to be sensible, with
one or two elements through the walls of thickness 4 mm being unlikely to give
accurate stress predictions. Hence, such an analysis will be very costly both in the
time taken to build the model and in the computing resources needed to produce a
solution.
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Before the mesh can be specified, the geometry of the substructure needs to be
defined. As the boundary conditions are generated from the nodal values of the
rigid-frame model, the lengths of the members in the region of the joint are pre-
determined by the beam element mesh. This is shown in Fig. 8.25, where the finite
element mesh is shown superimposed on the local beam elements of the frame
analysis. To simplify the behaviour of the joint, and to make both the pinned and
rigid-frame models correct, the members have their centre lines concurrent. It is
often the case, however, that members are offset such that eccentricity is present,

The shell mesh is constructed within a new global axis system which is chosen
with its origin at the point where the centre lines of the four members intercept,
1.e. point H. Coordinates for the ends {i.e. nodes 1 to 4) of the substructure are
cafculated from the frame model, and trigonometry is used to determine the
coordinates of the 14 separate arcas of the surface where the thin-shell elements
will be placed. Simple distributions of elements are then created on these areas of
the surface to give the mesh shown in Figs 8.25 and 8.26. Clearly, this is an
example of a mapped mesh. Some element distortion has occurred but this is
well within the limits imposed by the element formulation. Note, however, that
the geometry used here defines the middle surface of the elements and so the depth
and breadth of each member are each some 4 mm, i.¢. the wall thickness, narrower
than the nominal section size.

To assist in fabrication of the physical frame and to improve structural per-
formance, the member joining nodes 1 and 4 is a single continuous length of
section 80 x 40 x 4 mm. The other members consist of a length from node 2 of
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Figure 8.25 Mush of thin-shell clements superimposed on beam mesh.
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Note that z-coordinates for shell
elements are £ 18 mm

Figure 8.26 Isometric view of thin-shell element mesh.

section 40 x 40 x 4mm and a length from node 3 of scction 80 x 40 x 4mm. In
the model the connection between these sections has been approximated as can be
seen in Fig. 8.25. Looking at the surface labelled b, it is found that it is not
horizontal and has a downward inclination of 1.9°. This slight modification to the
mesh prevents the model from having elemernts of widely different aspect ratios.
Such a modification to the geometry is not considered serious here, as this region
is in compression and it is the tensite regions of the butt welds that limit the
fatigue resistance.

The model was constructed from linear quadrilateral thin-shell ¢lements, and
there are 374 elements and 384 nodes. Each node has 6 degrees of freedom and so
there are 2304 degrees of freedom in total. All elements are assigned a thickness of
4 mm and have the material properties given above. This shel] analysis allows von
Mises’ stress contour plots to be generated and this requires values for the direct
yield strength.

8.2.6 Applying Boundary Conditions to the Substructure Model

Now the boundary conditions must be specified. The first of these is a restraint on
all movement at one node in the frame model, which translates to support
restraints for a plane of nodes. Noting, from the frame model, that the smallest
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rotation #. is at node 4 it is decided to fully restrain the nodes at the equivalent
plane of nodes, that is all six degrees of freedom are set to zero. This support
boundary condition, shown i Figs 8.27 and 8.28, is not physically correct and
any stress concentrations that arise near to this region has to be ignored.
However, this is a valid assumption if advantage 1s taken of Saint-Venant's prin-
ciple. This tells us that any local behaviour dies away quickly away from a local
disturbance such that results are unaffected a reasonable distance from where any
slightly erroneous boundary conditions are applied. Samnt-Venant's principle also
allows us to model, at nodes 1 to 3, the loading due to the element forces, be they
axial or shear forces or bending moments, given mn Fig. 8.24, as a statically
admissible set of edge pressures. The word ‘admissible’ is important here as it
means that the loading in the model does not exactly match the true distribution
but is acceptable for the purpose of modelling.

To illustrate the modeliing procedure for the loading at the ends of members,
the calculatien of the constant edge pressure, entered inte the software as a foree
per unit length per element thickness (dividing this force by the element thickness
gives the pressure loading in N mm 3, shown in Fig. 8.29 for node 1, will now be
considered. Note that in the figure the directions used to define the sign of the
forces are shown.

There are three element forces to consider. First, the axial load at node 1 is

—3.99¢ + 04N, To determine the axial edge pressure of —[78.2Nmm ' per

Figure 8.27 Boundary conditions for shell model of substructure.
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Figure 8.28 Fully clamped boundary condition at node 4.
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Figure 8,29 Boundary conditions applied at node 1.
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element thickness, the load is divided by the length over which it acts, 224 mim
(twice 76 mm plus twice 36 mm). This axial pressure is applied to all four edges.
Second, the shear load of —1.98e + 03 N is assumed to act as a constant shear
stress of —13.0Nmm ™' per element thickness over the two side walls. Finally, the
bending moment of —1.11e + 0.6 Nmm must be modelled. The simplest way is to
use the fact that the moment is a couple that may be modelled by two equal and
opposite parallel forces separated by a distance, i.e. M = Fd. By taking 4 as
76 mm, the distance between the top and bottom edges of the mesh, the value of
the force F is 1.46e + 04 N. This force is translated into an axial pressure loading
of 405.6 Nmm™' per element thickness by dividing it by 36 mm, the length of an
edge. Following the direction of the moment it is positive at the top edge and
negative at bottom edge. The software takes account of the constant wall thick-
ness.

Now that the boundary conditions are known in terms of the data derived
from the rigid-frame analysis, this stage of the modelling process can be com-
pleted by including the loading due to the external applied loads. This loading
consists of two parts:

1. A concentrated force of 4.5kN acting in the x-direction with its (assumed)
line of action being through the centre of joint. In the real frame this load is
applied to the side walls (front and back) of the member 1544, as shown in
Fig. 8.25, and, for example, this may be achieved by having a rigid bar
member welded to both front and back walls. Our model of the substructure
does not include this level of detail and so the Joad is modelled in a different
way. Here, note that it is important to maintain symmetry in the problem and
so to have all of the loading acting in the x—y plane. This ¢liminates any out-
of-plane deformations which would make the rigid-frame analysis invalid. A
statically equivalent concentrated nodal force and moment are, therefore,
applied to a mid-position node on the top surface of the member, and this
loading condition is, in part, shown by a horizontal arrow in Fig. 8.27.

2. A distributed vertical loading on member FH (see Fig. 8.17). On studying the
geometry of the substructure in Figs 8.25 and 8.26, it can be seen that the
length of member 3H is less than the corresponding sections in the frame
analyses. This is because of the physical geometry of the members which are
now being modelled. Consequently, the distributed load cannot be applied as
shown in Fig. 8.17. As an approximation, it has been decided to model this
loading as 4 statically equivalent single vertical force of 10.83 kN at a distance
of 122.5mm from the end of the member, as shown in Fig. 8.27. It was neces-
sary to model this load as a force and compensating moment as the nearest
node to this position where the force acts is actually 120.2 mm from the end.

8.2.7 Analysing the Results for the Substructure

Having applied all the necessary boundary conditions a static analysis of this
finite etement model of the substructure is carried out. As a first check of the
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results of this analysis, the reaction forces (F,, F, and M.) at the restrained end
are checked to ensure that static equilibrium is satisfied and so to establish that
the loading is that given by the frame analysis. As this simple check shows that the
overall position is correct, a more detailed analysis of the results can be made.

By using post-processing facilities the results of the analysis can be viewed.
For example, the deformed shape and stress contour plots of any view of the
model may be produced. Here, however, it is important to plan the required
pictures so that they are meaningful to those who have to interpret them.

For this analysis let us consider the deformed shape, which is shown in Fig.
8.30 together with the undeformed shape. Note that the displacements are greatly
magnified and that the display produced here is a two-dimensional view for the
x—y plane and has been chosen to show that the joint is not twisted out of this
plane. Comparing the deformed shape calculated from the substructure analysis
with that for the sume joint calculated from the frame analysis, Fig. 8.18, it is seen
that the two analyses predict the same overall behaviour. This positive check
between the analyses is another piece of evidence that poiats to the substructure
model being qualitatively correct.

As to the use of the substructure model in the design of the frame, it is the
results for stress within the material of the joint that are needed to carry out a
fatigue analysis of the butt welds. The designer will want to know the peak stress
values when the dynamic loading is a maximum and a minimum and the peak

——— Deformed shape
Undeformed shape
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Figure 8.30 Deformed shape of the substructure.
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stresses when the machine is not in motion and the frame has to transmit only the
dead loads. The finite element model developed above will predict the first of these
situations and so further analyses are necessary to predict the other cases.

To illustrate a typical display of stress results, consider the the butt weld in
joint H with the highest tensile stresses. By generating a stress contour plot of the
maximum principal stresses, e.g. g, at the top surface of the shell elements (see
Fig. 7.22), over the whole model and then using the zoom facility, it is a simple
task to find that this critical connection occurs where the top surface of the
horizontal member 3H meets the bottom surface of member 4/1.

To present the contour displays, two areas of elements have been chosen and
the elements grouped for display purposes. Figure 8.31 shows that such a display
effectively isolates the required butt wekd from rest of the mesh, Clarity of the
stress contour display is improved by magnifying the region of the weld on the
screen and then displaying only the boundaries of the element group. Figures
8.32-8.34 show, respectively, contour plots for:

o ithe maximum principal stress at the top surface 7. which comprises mainly
tensile stresses

e the maximum principal stress at the maddle surface oy, which is mainly axial
stress

e the maximum principal bending stress op.

Figure 8.31 Group of elements for display purposes.
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The contours are generated using nodal values from all nodes in the model
and not just those nodes associated with the elements shown in Fig. 8.31. If the
plots are generated using only those elements in the group shown, then the values
displayed are restricted in range, producing a misleading impression. Hence it can
be seen that an analyst has to ensure that the contour piots are calculated using all
relevant nodal values to give a meaningful display.

Figures 8.32-8.34 also show three nodal stress values along the line represent-
ing the welded connection. From this the peak stress value is seen to be about
150 Nmm™>. Comparing this with the value calculated using the rigid-frame
analysis, i.e. 265Nmm~ shown in Fig. 824, and with the yield stress of
350 Nmm™?, it can be seen that the shell model produces a peak stress at the
weld about one-half of the beam analysis value. Figures 8.33 and 8.34 show that
the top surface stress is principally due to an axial component with the bending
component being significantly lower. Note that the relationships between the
stresses given in Fig. 7.22 do not hold at the location of the butt weld, because
not all of the elements are in one plane.
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Figure 8.32 Contour plot of maximum principal stress at top surface.
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Figure 8.33 Contour plot of maximum principal siress at middle surface.

Finally, Fig. 8.35 is a contour plot of the von Mises’ maximum principal
stress at the bottom surface of the shell elements, the location where this stress
ts maximum. This is derived from the standard formuia

T vonMises = \/% (01 = 02)* + () ~ 03)* + (02 ~ 3)7] (8.8)

where o, and so on are the principal stresses. The formula predicts that vielding
occurs when the value of von Mises’ stress in (8.8) cxceeds the yield stress in
uniaxial tension oy which is 350 Nmm™2 for grade 45/50 steel. It can be con-
ctuded that yielding of the material has not occurred in the region of the weld
because the peak von Mises’ stress there is about 150 Nmm™2,
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Figure 8.35 Contour plor of von Mises' stress at bottom surface.
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INDUSTRIAL CASE STUDIES

Having discussed four examples in detail within Chapters 7 and 8, where minimal
computing effort was required, some larger cases can now be considered. These
have an automotive flavour, but they are typical of the larger scale studies that are
carried out in a variety of industries. While the previous examples enabled dis-
cussion of some of the finer points of modelling, these industrial case studies wilk
show how finite element modelling is used for situations with complex geometries
where some form of assumption has to be made to progress a solution. It is the
use of sensible assumptions in given situations that distinguishes the artistry of
truly professional analysts.
The following cases will be studied here:

a strength and stiffness analysis of the frame of a recumbent bicycle
an analysis of a connecting rod from a road vehicle engine

a composite suspension arm {rom a road vehicle

a displacement analysis of a passenger vehicle body shell.

9.1 ANALYSING A BICYCLE FRAME

In this example the sirength of a commercially available recumbent bicycle which
has been used as the basis for a variety of undergraduate projects in the area of
human-powered vehicles is considered. To define the geometry, a solid model is
built and then the surface of this is meshed with thin-shell elements. Realistic
load conditions can then be simulated and the strength of the existing frame
assessed.

231
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9.1.1 Description of the Problem

The generic form of a recumbent bicycle is illustrated in Fig. 9.1, which is a solid
model of the major components. It is clear from this figure that the rider sits in a
quite unusual position, compared to that for a normal bicycle. In this case the
rider sits as if in an armchair and provides motive power by pushing on the pedals
which are located directly ahead. With the rider in this position, the aerodynamic
drag of the rider—bike combination is reduced and this enables higher speeds to be
achieved for a given power input. For this reason, such a riding position has been
widely adopted by several manufacturers of human-powered vehicles. As partofa
programme of undergraduate project work, ways of improving the design in terms
of the aerodynamics, steering, ergonomics and drivetrain of the vehicle have been
investigated, together with a study of putting a small engine on the bike to turn it
into a low-powered endurance vehicle,

Before making any structural changes to the bike, the strength of the frame
needs to be assessed and any weak areas determined. This enables strengthening
to be carried out where necessary before any modifications are made that might
increase the load on the bicycle frame. Stress results will be produced for this
geometry under normal static load conditions.

Seat frame

Seat stays

Rear axle brackets

Bottom
bracket

Stem

Headset support
tube

Chain stays
Pedal location

Main tube of frame

Front

Sliding
forks

tube

Figure 9.1 A solid model of a recumbent bicycle frame.
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9.1.2 The Bicycle Geometry

A detailed study of Fig. 2.1 shows that this bicycle is of extremely simple con-
struction. A conventional bike has a triangular frame with the main triangular
section made of a top tube, seat tube and down tube. In the recumbent design
studied here, this triangle of tubes is replaced by a single structural member which
is a tube of larger diameter than is used on a conventional bicycle. Through this
main member is placed a tube which supports the bearings, or headset, for the
stem attached to the handlebars and the front forks. For simplicity of manufac-
ture, these two tubes are welded at right angles to each other. Elliptical cross-
section forks are used which are straight and welded to a cross-piece, the fork
crown. To support the pedals and chainwheel, a smaller tube which holds an axle
and bearings is slipped into the front of the larger tube and clamped in place. At
the rear of the main tube a conventional, but nonfunctional, bottom bracket
supports two chain stays, to which the rear axle and the gear system are clamped.
Finally, two seat stays are joined to the top of the tubular seat frame and a
bracket clamps the seat frame to the main tube. Note that webbing is slung across
the seat frame to support the rider.

Detailed measurements of all of the relevant structural members have been
taken manually from the physical frame and from this data the solid model shown
in Fig. 9.1 can be created. Note that all the members are of single thickness as no
joints have been double-butted.

9.1.3 Creating a Solid Model of the Geometry

Care must be taken when thinking about the creation of the solid model. Yet
again, it is seen that the needs of the analysis must be taken into account before
producing a computer model. In this case a thin-shell finite element model will
ultimately be built; this dictates the approach to be taken in creating the solid
model of the geometry. 1t is perfectly feasible, and probably very obvious, to build
a solid model of the exact geometry using tubes for all the components that are
tubular. Here, however, as shell elements are to be used which have zero physical
thickness, a different approach has to be taken. The mathematical formulation for
an ¢lement handles the behaviour of the element owing to its thickness and so the
elements must be placed with their nodes at the mid-depth position in the out-of-
plane direction. This is the same procedure as that used for the pressure vessel in
Sec. 7.2 and for the substructure analysis of the frame joint in Sec. 8.2. To ensure
that this is easy to do, the physical dimensions of the tubes are not recreated in the
solid model, rather the tubes are modelled as solid cylinders with a diameter
calcuiated to aliow for the actual material thickness.

First, the main tube is modelled using the primitive shape of a cylinder and is
placed in the correct orientation. Then further cylinders to represent the holder
for the forks and stem, and the bottom bracket, are created and placed in posi-
tion. Using the Boolean addition operation typical of solid modelling software
that uses constructive solid geometry (CSG), these smaller cylinders can then be
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toined to the main c¢ylinder. The chain stays are created using a skinning opera-
tion, To do this ¢losed curves, known as profiles, of the appropriate form for the
ends of the stays are created and a smooth skin placed between them. The soft-
ware uses a smooth surface 1o transform these profiles into sohid objects. These
stays can then be placed in position and added to the cylinders. To complete the
first stage of the geometry modeliing, the rear axle brackets are created as a profile
in two dimensions and then extruded through the third dimension to give the
object depth, before being joined to the rest of the model. Figure 9.2 shows the
solid model as a wireframe form at this stage of the process.

Next, skinning operations are used to model the seat stays. Also simple clips
and brackets are modelled to support the seat frame, before the two cylinders
representing the pedal support are joined and moved into place. Figure 9.3 shows
the model at this stage.

A further skinning operation is used to form, the seat frame, with a circular
profile being swept along a path in three dimensions for each of the four members
of the seat frame. In those areas where the seat frame is highly curved, a number
of profiles are used to ensure that a smooth surface is created. Finally, skinning is
used to create the front forks which are attached to the stem through a cross-
piece, the fork crown. With these itemns added to the mode) the necessary structure
is complete and a wireframe of the complete model is shown in Fig. 9.4.

9.1.4 Obtaining a Mesh of the Geometry

To preduce a mesh from the solid model of the geometry an automatic free mesh
generator is used. This looks at the solid model, then places a pseudo-triangular

Figure 9.2 First stage in the assembly process.
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Figure 9.3 Second stage in the assembiy process.

mesh on the surfaces of the model before creating a final tetrahedral mesh within
the surfaces. In this case the tetrahedral mesh is deleted, as it is not needed for this
thin-shetl finite clement analysis. However, the data defining the surface parches
enclosing the volume is retained, so that a thin-shell mesh can be created on these
surface patches.

Separate meshes have been creuted for the forks—stem assembly, the seat
frame, the pedal support tubes and the main structure. To control the distribution
of the elements, global element lengths of 30 mm on the main tube and 10 mm in
other arcas have been used. A second mesh control parameter has also been used
which ensures that a suitable number of clements are placed on highly curved
surfaces. Figure 9.5 shows how this works in the two-dimensional case, where the
deviation is defined for a single ¢lement as a perceantage of the element length. The
shorter the element, the more accurate is the description of the surface and the
lower the deviation. Here the maximum allowable deviation has been set to 20 per
cent.

Figure 9.6 shows the full thin-shell mesh for this problem. Note that, for now.
only tubular material has been meshed and the solid metal parts, such as the axle
brackets, have been left out of the finite ¢lement model. Such solid material is
considered to be lightly stressed, with the large stresses of interest being generated
only in the thin tubing. For this situation, some |5 000 linear triangular elements
have been used together with some 8000 nodes.
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Figure 9.4 Final stage in the assembly process.
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Figure 9.5 Deviation of an element from a surface.
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Figure 9.6 The completed finite element mesh.

9.1.5 Material Properties and Application of Boundary Conditions

All of the tubes modelled are of structural steel, as is the seat frame, and appro-
priate Young's modulus and Poisson’s ratio have been defined.

For the strength analysis of the bike only the static load of a rider sitting on
the seat will be simulated, i.e. no load is to be applied to the pedals, To do this the
nodes that are next to the missing rear axle brackets are restrained such that they
have zero displacement in all directions, and the nodes where the front axle is
clamped are restrained to have no vertical or sideways movement, from the rider's
viewpoint, but they are left free to move forwards and backwards.
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The dead weight of the rider is applied by splitting a total load equivalent to
80 kg across 20 nodes along the seat frame, This is shown in Fig. 9.6 by the single-
headed arrows, together with the other restraints. Such an approximation is
considered to be valid as the area of concern is the bike frame itself not the
seat frame. Hence any load applied to the seat should be diffused through the
seat frame, ensuring that the load transfer from the seat into the main structure is
realistic.

Finally, the seat frame is connected to the clips by rigid bar elements, These
are also used to join the pedal support to the main tube and to join the forks-stem
assembly to the main tube system.

9.1.6 Analysing the Results

Once the model has been run, the results can be analysed. To do this the graphical
post-processor is used, as the large quantity of data produced prevents the raw
information being used in the first instance. A useful starting point is to analyse
the resutbts for displacement. Figure 9.7 shows a typical view of the structure with
a displaced side elevation. Note that the displacements have been magnified and
that they show the basic form of the deformation. The frame acts by the load on
the seat deforming the main member in a downwards direction in the middle
forcing the frout end to rise up. This bending is opposed by bending in the
forks. Also, the chain stays and seat stays bend to oppose the bending of the
seat frame and main member.

Figure 9.7 Displacement of the frame.
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For quantitative data about the behaviour of the structure, contour plots of
stress magnitude are shown in Figs 9.8 and 9.9, where the von Mises’ stress for
certain areas of the mesh are plotted. In reality colour plots would be used but, for
reasons of clarity in monochrome, labelled contours are shown here. In Fig. 9.8,
the von Mises’ stress on the bottom surface of the shell clements are shown in the
region of the seat, main tube and stays. Similar plots are obtained for the stresses
at the top and middle surfaces of these elements as well. From this figure stresses
at contour level 4 (200 MPa) can be seen to occur where the main tube meets the
chain stays and where the seat is attached to the main tube. In Fig. 9.9 a close-up
of the area around the tube-stay junction is shown where contours of level 6
(300 MPa) occur. As typical values for the ultimate tensile strength of steel vary
from 400 to 700 MPa, the finite element model scems to be precicting that failure
is close in this case. This analysis shows that strengthening needs to be considered
in this area of the structure.

9.2 DESIGN OF A CONNECTING ROD

All piston engines use a connecting rod (con-rod) to convert the reciprocating
motion of a piston to the rotary motion of a crankshaft. Traditionally, con-rods
have been made of steel, but with the pressure on vehicle manufacturers to reduce
the mass of vehicles and so make them more fuel efficient, other lighter materials
are now being used.
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Figure 9.8 Contour plot for stress—side view.
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Figure 9.9 Contour plot for stress where stays meet matn tube.

This example has been provided by Jaguar Cars and is concerned with the
early development of an experimental aluminium alloy con-rod during the fate
1980s. During fatigue testing of an initial prototype design, the con-rods were
failing well before their specitied design life. Investigations were carried out using
finite element analysis with the goals of understanding the reasons for these fail-
ures, of improving the design before further testing was carried out and of produ-
cing appropriate design rules.

9,2.1 The Problem Statement

Finite element analysis is to be used to investigate the fatigue life of a prototype
aluminium alloy connecting rod. Modifications to the design can also be consid-
ered to ensure that the fatigue life is acceptable. By using such a computational
tool near the start of the design cycle, the amount of physical testing required to
achieve a successful design should be reduced.

9.2.2 The Geometry of the Con-rod

From engineering drawings of the con-rod a simple solid model can be built, as
shown in Fig. 9.10. This shows the shank and little end of the rod together with
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Litile end

Shank

Big end

Figure 9.1¢ Solid model of the connecting rod.

the big-end cap modelled as a single piece, although in fact they are split at right
angles to the plane of symmetry of the con-rod along the axis of the crankshaft,
Note the holes for the gudgeon pin at the little end, for the crankshaft at the
big-end and for two bolts (at the bottom right of the figure). Also extensive use of
filleting has been made.

9.2.3 Producing a Mesh

For this design. all the loading cases wilt be along the longitudinal axis of the rod,
and so from symmetry onty one-quarter of the physical artefact need be modelled.
Hence only one-quarter of the solid model needs 10 be transferred between the
solid modelling program and the finite element pre-processor. Simple mapped
meshes can be built to represent the little end and shank of the rod together
with the small-end bearing bush and the gudgeon pin. In the big-end region,
the geometry is too complex for a mapped mesh and so a mesh has been created
manually from the geometry of the sohd model. Mapped meshes can, however, be
used for the big-end shells and the con-rod bolts, with a manual mesh being used
for the crankshaft to match the mesh on the con-rod and cap.

Throughout the model 20-noded parabolic solid ¢lements have been used.
Figures 9.11 and 9.12 show the compieted mesh with the latter figure showing
dctail near the bolt. Note that this model was produced before the widespread
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Figure 9.12 Mesh of rod in the region of the bolt.

availability of automatic meshing procedures. Meshing this combination of
objects is much simpler now, as was seen with the bike example in Sec. 9.1.

9.2.4 Material Properties and Application of Boundary Conditions

Aluminium alloy is used for the con-rod with steel for the bolt, gudgeon pin,
crankshaft and bearings. Appropriate material properiies have been used for the
elements in these areas.
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As the connecting rod assembly 15 made up of several parts, complex
nonlinear interactions govern how these parts transmit forces. Solving the full
nonlinear model is prohibitively expenstve, and so a series of well-proven engi-
neering assumptions are used to model the interactions while still using only a
static analysis. In all cases friction forces are assumed to be zero where metal-to-
metal contact occurs. Hence the big-end cap is joined to the con-rod by axial ties
which allow lateral movement along the plane of the joint. Similarly, bearings are
tied in the radial direction only.

At the beit the thread is simulated by tying the bolt to the con-rod and cap in
the axial direction and the bolt head is tied axially to the cap. Also the bolt is
coupled lateraliy at two points in the thread region and at the head to allow
bending toads to be transmitted to the bolt. To simulate the pre-load on the
belt which draws the con-rod and cap together, the bolt is split into three sections
with constraint equations used to pull the sections together and so load the whole
structure. This load was adjusted until the stress in the bolt after solution was
correct. Hence several solutions had to be run to achieve this initial situatien. The
temperature ¢ffects used to do this will be mentioned in Chapter 10.

Coniact areas between the gudgeon pin and small-cnd bush and between the
crankshaft and big-end shells are modelled as a contact patch of constant area
some 607 to each side of the loading line. This is done with constraint equations,
which are different for the contact patches for the different loading cases. Further,
interference fits are used to pre-tension the physical bearings at both the big and
little ends. This has been simulated using wemperature effects again to produce an
initial size for the bearings consistent with the interference.

Symmetry conditions have also been appiied along the symmetry planes as
was explained for the pressure vessel in Sec. 7.2.

The following three simulations have been run with this model:

1.  Anassembly case where only the effects of the interference fit of the bearings and
of the bolt clamping load are simulated. A aghtening torque of 50 Nm giving an
axial load of 33.3 kN was applied by trial and error, as mentioned previously.

2. A tensile load applied at the crank-pin centre line with all the nodcs along this
line being constrained to move together. The gudgeon pin wus restrained here
to provide the necessary reaction to the applied load. This simulates the
physical fatigue test not the actual runming condition of the engine. The
maximum tensile load during the fatigue test was estimated as 15.71 kN
and so an assumed load of 20kN has been simulated by applying a load of
5kN 1o the model of one-quarter of the geometry.

3. A compressive load applied at the crank-pin centre line to give the opposite
toading situation to that above.

9.2.5 Some Resuits

Plots of the displacement for the three test cases of assembly, compression and
tension are shown in Figs 9.13-9.15, respectively. The displacements have been
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Figure 9.13 Displacement of the model for assembly loading.
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Figure 9.15 Displacement of the model for tensile loading.

magnified by 50 times in all cases. Note that in the assembly case some distortion
of the cap and the bolt can be seen. Under compression the little-end eye distoris,
as do the cap and bolt yet again, while under tension the eye is stretched severely
and the cap-bolt combination distort even more,

Von Mises® stress ts shown in the contour plots in Figs 9.16-9.18. The vulner-
able areas, i.e. the small-end eye and the cap near the bolt hole can be identified.
Note that the compressive load does not alter stresses much from those with just
the assembly load at the cap, but the tensile load makes the stresses much larger in
this area. Also, the stresses in the eye area are large for both compressive and
tensile cases.

Given the results from these three stressing cases, a fatigue analysis can be
carried out as the alternating stresses and mean stresses are availabie for the whole
geometry. Such a fatigue analysis predicts a low fatigue life of one million cycles
compared to a design expectancy of one hundred mitlion cycles. By increasing the
thickness of the material within the rod and repeating the analysis, all the vulner-
able areas can be eliminated and the fatigue iife improved. Also, design rules for
future designs can be derived from these analyses, enabling engineers to design
aluminium alloy con-rods in future with the benefit of this piece of work.
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Figare 9.16 Von Mises™ stress from assembly loading.
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Figure 9.17 Von Mises” stress from compressive loading.
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Figure 9.i18 Von Mises’ stress from tensile loading.



246 USING FINITE ELEMENTS [N MECHANICAL DESIGN

9.3 A COMPOSITE SUSPENSION ARM

9.3.1 Objectives of the Simulation

There is a growing interest across many fields of engineering in the use of new
materials, such as composites, as a replacement for traditional steels. The driving
force 1s the intention to develop components that are lighter than those made with
traditional materials. As with all design problems, some means of assessing the
suitability of 2 component has to be made, and in this case finite element analysis
may be able to predict the behaviour of components before the testing of proto-
types takes place. If this can be proven, then such analysis can be used routinely in
the design process.

As an example of the analysis of a composite material, a finite element
analysis of the suspension arm shown in Fig. 9.19 will be described. This is
part of a large program where the results derived from computational methods
have been compared with the results gained by a variety of experimental
methods. The arm is attached to the vehicle subframe through rubber bushes
placed at the body mounts shown in Fig. 9.19, with the load applied at the
ball-joint housing. The material used for the arm is sheet moulding compound
(SMC). This numerical experiment has been summarized by Pinfold and
Calvert (1994).

Body mounts

Ball-joint
housing

Figure 9.19 The suspension arm.
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9.3.2 Building the Finite Element Model

The geometry of the arm was initially defined within a CAD system as a wire-
frame model. To build the mesh shown in Fig. 9.20, sections of the wireframe
model were taken such that, where possible. regions of the mesh could have a
regular structure. This is clearly the case in the regions of the body mounts and the
webs of the structure. Owing to the complexity of the geometry, this strategy
could not be applied everywhere and so these regular blocks of elements were
joined together manually to form the final mesh. Hence the finished mesh has
1267 solid linear ¢lements of which the majority are bricks, but with scme wedge
and tetrahedral elements. This is, of course. a relatively coarse mesh.
Compression moulding was used to manufacture the component and despite
this the material properties were assumed to be isotropic. Further, from

Figure 9.20 The mesh of the arm.
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laboratory tests, the SMC has a Young's modulus of 10.5GPa, a Poisson's ratio
of 0.26 and a density of 1800kgm ™.

To provide loading boundary conditions, the design case known as the por-fiofe
brake condition is used. This simulates a vehicle travelling at 30 mph, where one
wheel falls into a pot-hole with the brakes fully applied. From this situation and the
vehicle and suspension geometry, the resuitant fore and aft loads and also lateral
loads on the arm at the bali-joint housing can be calculated. These are applied at
the nodes near the housing, with restraints being applied at the body mounts. Note,
however, that spring elements have been added to simulate the rubber bushes and
that the forces have been applicd at the ball joint using beam elements.

Two other load cases were also run to simulate the experimentul tests carried
out on the component. These experiments were carried out at a reduced load of
approximately one-guarter of those al the design condition.

9.3.3 Some Results and Comparison with Experiment

Figure 9.21 shows the predicted stress distribution on the arm. Areas of high stress
can be seen in the ball-joint region and near the upper right-hand body mount.
These values can also be compared to the resulis determined through strain gauges
placed on the physical arm and through photoelastic technigues. Table 9.1 details

1 14 MPa
2 27TMPa
3 41 MPa
4 54 MPa
5 O08MPa
6 82 MPa
7 95 MPa
8 109 MPa

Figure 9.21 Stress distribution on the arm.
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Table 9.1 Comparison of finite element analysis and experimental results

Position Finite element  Strain gauges, Photoelastic,
analysis, MPa MPa MPa

Ball-joint housing 163 176 176

Inner radius body mount (with bushes) 20 25 Not available

Inner radius body mount (without bushes) Not available 22 25

this comparison: the predictions are very good with only small errors between the
computational and experimental results. From these results the validity of the
finite element method for this case can be demonstrated, and now further work
is ongoing to determine its validity in other more demanding circumstances.

9.4 DISPLACEMENT ANALYSIS OF A YEHICLE BODY SHELL

9.4.1 The Problem

In this final example a simple displacement analysis will be investigated for the
monocoque structure of a typical saloon vehicle. Such an analysis is desirable as
these structures are designed to have a given stiffness in both bending and torsion.
High values of stiffness within the body shell enable accurate assembly to be carried
out on the production line and are necessary for the vehicle to have good ride and
handling qualities when being driven. Further, a high stiffness reduces the possi-
bility of so-calted NVH (noise, vibration and harshness) problems. These NVH
problems include the amplification by the body shell of noise generated by the tyres
moving over the road surface and by the air moving over the vehicle as well as the
noise transmitted from the engine itself, together with extraneous noises caused by
the resonant vibration of parts of the vehicle such as the exhaust or loose fittings.
On the other hand, if the stiffness is low, not only will the ride, handling and NVH
qualities be poor, but also other problems can arise such as vehicle doors not
opening when the vehicle is parked with one wheel on a kerb or the front or rear
window glass cracking or being forced out of the weather seals.

As with all engineering design problems the solution may well have to be a
compromise. High cost or profit vehicles such as luxury saloons require excellent
ride, handling and NVH properties and hence high stiffness in the structure.
Conversely, lower cost or profit vehicles such as volume production hatchbacks
and small saloons have lower standards applied to them in terms of structural
stiffness as the functional requirements are much tower.

9.4.2 Building a Model of the Vehicle Body

Within the vehicle design process, external details such as the shape of the vehicle
are the first things to be decided. This is done by the styling team for the vehicle.
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Once the shape is decided then engineers take this shape, probably from 4 full-size
clay model of the proposed vehicle, and produce a CAD model of the external
panels. This is used to drive the design of the internal structure of the body shell. At
this point a first-shot analysis to predict the stiffness of the body shell can be made.

A coarse finite element mesh is built from the CAD model. taking into
account the known lines of the pressed steel panels and information based on
expetience, which gives a feel for the critical cross-sections where nodes must be
placed for a successful analysis to be carried out. Figure 9.22 shows a coarse mesh
in its displaced shape for a typical vehicle thin shell structure. This mesh consists
of some 5000 linear triangular and quadrilateral elements, and the full bedy shell
is modelled. The mesh has been created manually from the CAD data, but current
practice is to vse either a fully automatic mesh generation procedure or a combi-
nation of automatic and manual mesh generation methods. Note that the mesh
models the vehicle roof and supporting pillars (known as the A. BC and D posts
from front to rear), the main external steelwork at the rear (i.e. rear wings), the
boot floor and internals, the floor pan and the structural steel around the engine
{(i.e. front bulkhead. suspension mountings and main beams}).

Material properties are applied to the elements and in this case data for a
typical steel has been used. Next the boundary conditions can be applied. This is
done by restraining the geometric location of the body shell where the rear axle is
attached to the body shell by the suspension mounts as shown by the double-
headed arrows in Fig. 9.23. This simple schematic illustrates the application of the
boundary conditions. Then equal and opposite vertical forces of magnitude F are
applied at the front suspension mounting points, which are a distance L apart, as
shown in Fig. 9.23. Hence a torque of magnitude FL is applied to the body shell.
Note that these boundary conditions simulate the actual physical tests that are
carried out on the body shell when the first prototypes are manufactured, and that
the force F need only be a nommal force as the linear model will generate dis-
placements which are proporticonal to the force.

Figure 9.22 Displaced mesh for the vehicle body shell,
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Figure 9.23 Loads applied to the vehicle body shell.

9.4.3 Analysing the Results for the Vehicle

The key result that is obtained from the unulysis of this coarse model is the twist
of the body shell per umt length ol the body per unil loading. From experience
this simple quantity can be used to decide it the actual body shell will have an
acceptable level of stiffness. Figure 9.22 shows the displaced shape for this case,
with the displacements much magnified of course. Note that the {ront offside of
the roof is displaced downwards whereas the rear is displaced upward, and note
that the opposite happens at the nearside.

This mesh is too coarse for the stress results to be of much use, but the analyst
can use the stress data to dentify key areas where high stresses may be expected.
Either a more detailed model can be built of the whole structure or a model of
some part of the structure {a submodel) can be built and analysed. This is another
example of the use of substructuring as was discussed in Sec. 8.2,

A more detailed mesh is seen in Fig. 9.24. where a crash simulation has been
carried out. This involves a nonlinear analysis of the structure, which will be dealt
with in Sec. 10.4.

Figure 9.24 A simulation of a vehicle crash.
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SOLVING MORE COMPLEX PROBLEMS

Throughout this book there has been a concentration on the development and
application of the finite element method to linear static problems. In these  pro-
blems complex geometrical structures can be analysed to find the small  displace-
ment of the structure from the applied loads when the material properties are such
that nonlinear effects are negligible and effects over time are not important. While
the vast majority of analyses are of this type, increasing use is being made of the
finite element method in solving more complex problems. Typical examples are:

& the calculation of the variation in some property, say dispiacement, over time

& the detemmination of the mode shapes and frequencies of a vibrating structure

e the inclusion of optimization within a finite element program to allow, for
example, either the shape of a structure or the thickness of shells to be modified
to minimize the displacement of the structure at some point or to minimize the
stress within the structure

e the treatment of material properties in the nonlinear range, such as during
metal-forming processes when gross plasticity of the matertal occurs

e the linking of structural sclvers to heat transfer solvers so that the eftects of
heating a structure in terms of both displacement and stress can be calculated.

This chapter is not intended to be a comprehensive guide to the fundamentals
and applications of the finite element method to these problems. Rather, the
intenttion is to give a brief overview of the ways in which such problems are
handled, concentrating on the changes to the modelling process that occur which
are different from those that have been outlined in previous chapters. Note that
because the problems are handled differently to linear static problems, the model-
ling requires specifying additional parameters which the analyst will need 10 under-
stand. Such modelling issues are covered in detail in the texts listed in Sec. 10.6.

252
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10.1 TRANSIENT PROBLEMS

When considering the time-dependent behaviour of a structure, the motion 1s
considered over a series of steps in time, with the solver caiculating the structural
motion from step to step. Here, the motion of the structure is described by con-
sidering the motion of the degrees of freedom in the finite element model. To
model the necessary time-dependent terms describing the motion, i.e. the velocity
and acceleration of the structure, a so-called semi-discrete form of the equations is
produced from approximations to the time derivatives. For example, the first
derivative of displacement with time can be approximated by using a truncated

Taylor series expansion as
88) {8}~ {8}"
{5?}:{ b At{ } (10.1)

where the superscripts denote time levels labelled # + 1 and # and Av is the time
interval. Use of shape functions and nodai values convert this, for an element, to

RN Mt o0
NN} (10.2)

When substitated in the governing energy equation for the problem, this leads to a
new matrix [M°], which is known as the element mass matrix, where

M = | oINSy (103

where p is the density of the material of the element.

When this is integrated over an element, either the full integration can be
performed to give the consistent mass matrix or approximations can be made to
give a diagonal matrix, the lumped mass matrix. In (10.1) the value At acts to
control the step-by-step procedure just as the relaxation parameter w is used for
the case of material nonlinearity. If Az is very small the solution progresses slowly
and convergence is more likely, whereas if At is large the time terms have very
little effect and divergence is more likely.

As well as the time-dependent terms, those terms that are independent of time
must alse be discretized across various time levels. Often they are discretized just
as they are for steady state problems. with the assumption that they are calculated
at time level n. This leads to an explicit formulation of the equations which does
not reguire the use of a simultaneous equation solver to produce a solution.
Equally, though, the time-independent terms could be calculated at time level
# + 1, leading to a fully implicit form of the equations. Also, some form of
weighted average can be performed between these two extremes as follows:

{8} = 6{8)""' + (1 - 6){8}" (10.4)

Now setting # to unity gives a fully implicit form and setting 8 to zero gives
the explicit form. For all other values an implicit form ts produced and with 8 set
to 0.5 the Crank-Nicholson form is produced, If # is 0.5 or greater then the
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schemes are unconditionally stable, and when 4 is less than 0.5 they are condi-
tionally stable. In the conditionally stable cascs the time step Az must be set small
enough for stable solutions to be proeduced.

As far as the analyst is concerned, the following features need to be taken into
account when a time-dependent simulation is produced:

o The value of 8 that is to be used  Typically 1.0 or 0.5 are used to ensure stability
regardless of the time step.

o The value of the time step At This is set to provide stability if necessary when
f is less than 0.5, and must provide the analyst with a sufficiently detailed time
response of the structure. This means that it must be small enough 1o give an
accurate picture of the response.

o The initial conditions  As the time terms have been discretized in this way a
step-by-step procedure is involved that relies on data at time level n + | being
produced from data at time level #. Hence to start the calculation at the first
time step the values of the variables at time level zero must be known. These
might be known from the specification of the problem or they may have to be
assumed from experience.

o The computing effort required  When any iterative procedure is involved, due
to time variation or nonlinearity, the computer e¢ffort is very important as,
effectivety, the step-by-step procedure can easily be equivalent to many hun-
dreds of individual static analyses.

o The storage of duta 1t may be that the displacements of just a handful of nodes
with time are required 4s the results of the simulation, but it is more likely that
the displacement of all nodes at the different time steps will be required so that
an animation of the structural response with time can be produced. For complex
geonietries such as a car body the number of degrees of freedom can be in the
tens of thousands and storing this amount of data at several hundred time steps
can require vast amounts of secondary disk storage.

10.2 VIBRATION PROBLEMS

Typical governing {or global) matrix forms of the time-dependent equation are:

[“I{%é} {5+ K@) = (¥ ) (103)

where [M] is the mass matrix. IC] is the damping matrix and {F(s)} is the forcing
function duve to the load which may vary with time.

If a free vibration problem is considered, then there is no damping and no
forcing of the structure, and so both [C] and {F(#)} are zero, giving:

[M]{%} + K]} =0 (10.6)
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This situation is simlar to the free vibration of a simple spring-mass system with
one degree of freedom, which has a natural frequency given by
[k
What = m (10?)
where & is the spring stiffness and m is the attached mass. If the general solution
for the motion of the structure can be described in terms of nodal amplitudes {8}
and a frequency w, then

{8} = {8} (10.8)
If this is substituted into (10.6), then
(|A] — w?[I]}{8) =0 (10.9)

where [A] is given by [M}_IIK] and is known as the sysrem matrix. This is a
classical eigenvalue problem. Solution of {10.9) for the eigenvalues gives » values
of w”. Here n is the dimension of the symmetric matrices [M] and [K] and the
values of w are the natural frequencies of the syster, each of which is associated
with an eigenvector of the displacements of the structure. In fact, each eigenvector
is 2 mode of vibration of the structure associated with the corresponding eigen-
value which is the frequency of vibration.

To deal with problems which have many thousands of degrees of freedom,
one approach is to choose a limited number of degrees of freedom, known as
master degrees of freedom. Through the use of mathematical manipulation the
dynamics of the structure can be approximated by the response of these master
degrees of freedom.

If damping is present, the damped natural frequency is obtained from

wy = Wy V(1 — &) (10.10)

where £ is the damping factor. It is often the physical situation that a structure is
lightly damped with £ less than 0.1. Under these conditions wy is within one-half
of one per cent of w and so the frequencies determined from equation (10.9) can
be used to design apainst resonance in the damped structure. This is done by
checking the size of the forcing frequencies to ensure that they are well away
from the resonant frequencies. Further, the possible forms of any resonance
can be determined from the mode shapes. Typicai practical examples include
the resonance of a cantilever beam structure such as a turbine blade or the
resonance of a vehicle body shell,

10.3 OPTIMIZATION

Within the design process engineers have to work to produce a design that meets a
given specification. Usuaily, there are many design solutions that meet the speci-
fication and so some sort of decision process must be undertaken to decide which
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solution is the best solution in some sense. Depending on the situation. determi-
ners such as the cost of a product or the weight of a product may be used to
evaluate the range of design solutions, with the so-cailed best solution bemng the
one with the minimum value of cost or weight. Examples of this include the
weight of an aircraft structure which s often minimized or the material cost of
a plastic seat.

When the best solution is sought, the process is one of optimization. In this
section this process will be considered in broad terms, defining some vocabulary,
looking at search techniques and then considering how the process fits in with the
finite element method.

10.3.1 Vocabulary

The first term that needs a definition 1s optimization. This is defined as the math-
ematical process of obtaining the set of conditions required to produce the max-
imum or minimum value of some function. Within the problem, design variables
are found which are the quantities that can be used to define a product but are not
predefined for the problem being considered. These variables may be the thickness
of some material, the weight of the product or its cost and so on. One of these
variables is mintmized n the optimization process. Each problem may also be
subject to constraints which, typtcally. are derived from known limits for, say,
displacement or stress values in a material,

The entity which is optimized is known as the objective or cost function, which
is a functional form of one of the design variables in terms of the other design
variables. For example, if the objective function is D and the other design vari-
ables ar¢ v to x,. then

D = f(X{, X9, X,) (10.11}

10.3.2 Seeking a Minimum

If it is considered that seeking the maximum value of a function is the same as
seeking the minmmum value of the negative of the function, then all optimization
can be seen as a minimization process. Differentiation of (10.11) to find the design
variables that give a zero value for the derivative may be one way to proceed.
However, for complex structural problems, where (10.11) can only be found
numerically as there are a large number of design varables, this task is virtually
impossible. Numerical methods are. therefore, used to seek the minimum.

The simplest way 1s the divect search method where the value of D is found for
a number of values of gach of the design variables x; to x,. However, a large
number of calculations may be required to do this and so. for multi-variable
problems, paitern search methods can be used. These evaluate I at a given set
of design variables, known as the base peint, and then consider just one design
variable, evaluating I either side of the original position. Where D ts a minimum,
for the three peints being considered, a new local search in a second design
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variable is made and so on. When all the variables have been considered, the local
minimum s found and the process can be repeated from some new base point.
This new point is found by moving away from the original base point in the
direction of the lecal minimum by. say, twice the distance between original
base point and local minimum. Other methods can also be used and these involve
finding the steepest gradient of D at the base point and moving in that direction
before re-evaluating the gradients.

10.3.3 The Finite Element Context

When using finite elements for structural design, 1t is possible to use a manual
form of optimization in conjunction with a series of finite element analyses. For
example, say an analyst wishes to know the minimum thickness of material that
has to be used within a sheil structure to achieve a given displacement at some
point for a given loading subject to the material not being stressed beyond some
value. A finite element shell model can be built and the thickness set to some
arbitrary value. Then a hnear static analysis can be run and the displacements and
stresses can be found. Assuming that the stress constraints are not violated, if the
maximum displacement is too large then the thickness must be increased, and if it
is too small then the thickness can be reduced. The thickness might be halved or
doubled as appropriaie and the simulation run again. Repeating this process
should lead to the optimum thickness,

However, programs are now available that autemate this process. First of all,
the relevant design variables must be defined and their initial values set. Then a
finite element analysis ts performed to calculate the structural behaviour and
generate values for the constraints. A so-called sensitivity analvsis is then per-
formed that calculates the rate of change of the structural behaviour and the
rate of change of the constraints with the design variables. From the constraint
values and their derivatives a localized model of the constraints as a function of
the design variabtes can be built and a seurch carried out to improve the design
variables such that the cost function is minimized. These design variables are then
updated within the finite element model and a second analysis is performed.
Repeating the full process results in un optimum design.

10,4 NONLINEAR PROBLEMS

10.4.1 Nonlinearities in the Material Properties

Here the material properties of the problem lead to what is. at first sight, a small
change in the finite ¢lement equation. Equation (1.2) becomes:

[K(8}]{a} = {F} (10.12)

which signifies that the global stiffness matrix [K] is now a function of the nodal
displacements {8}, Herc the dependency of the terms in [K], as given by (3.9). is
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because the elastic stiffnesses C; in [D] (2.15) are functions of strain. This change
has enormous repercussiens when trying to produce a solution to (10.12), as the
actual nedal displacements are not known until seme complex solution procedure
is complete.

To produce a solution, an iterative procedure must be used. To starl this
procedure. the analyst must provide some guessed values for the displacements
to the solver program. These initial values arc then used by the selver to calculate
an approximate set of coefficients for the matrnix [K]. Huving done this any of the
the usual linear equation solvers (see Sec. 3.9.3} can be used to solve this initial
version of (10.12). This vields a new set of values for the displacements and step
one of the process is complete. These updated values can then be used within step
iwo of the process as new estimates for the nodal displacements and the coeffi-
cients of matrix [K] are calculaled, taking account of the changes in the matcrial
properties as calculated at the current element stresses and strains (see Sec. 2.2.6).
Further solution of (10.12) gives another set of values for the displacements at the
end of step two. Further steps in the process are carried out such that the process
1s repeated many times uatil the calculated values of the displucement do not
change from one step to the next.

Owing to the iterative nature of the process, the displacements may not con-
verge to a given set of values from step to step. Sometimes the displacements can
oscillate wildly from step to step. with the magnitude ever increasing m value.
When this divergence happens the process is unstable and usualiy the compuier
detects that the numbers being generated are outside its range and it stops the
process automatically. To assist the process to converge, relaxation techniques
can be used where the displacements that are used n the next step are calculated
using

{anexl} = u"'{ﬁnew} + “ - w){E'old} (10]3)

where the relaxation parameter w can range from zero to unity. Hence, when w is
1.0 the iteration process takes place as originally described, with the displacements
being taken as the newly caleulated values in the next step, and when w is 0.0 the
iteration process is stopped as the displacements are never updated. Taking some
intermediate value of w increases the likelihood of convergence where this is
necessary, by effectively slowing down the iterative process.

For the analyst the implications of attempting to calculate a nonlinear
problem can be immense. Common problem areas include the following:

» Provision of a guessed set of values for the displacement 11 sensible choices are
made then the convergence of the process can be improved. but if poor choices
are made then divergence is likely. Experience of running similar problems can
be a great advantage here.

e Monitoring the iterative process for divergence  Itis useful to check the value of
displacement. say at one point, at the end of every step. If the displacements are
not oscillating and the change in value from step to step after, say, 10 steps is
reducing then the process 1s probably converging.
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o Sening the nuimber of steps to he run during the iteration process Here it is
sensible to run just 4 few steps to start with. This enables monitoring to be
carried out and coavergence to be checked before calculating many more steps.
Often several hundred steps may be needed. Usually the solver program allows
4 restart of the solution from data that has been saved to disk at the end of the
last step. This saves rerunning previous steps in the process as the procedure
progresses.

o The choice of reluxation paramerer w  Again, experience of running similar
problems may well lead to a sensible choice of w.

o The increase in computer time over o single linear static calewlation It is now
clear that many equivalent linear siatic solutions are calculated during the
iterative procedure. Hence the computer effort is magnified by the number
of steps run. This may mean that a smaller model in terms of the numbers
of nodes and elements may have to be built than would be ideal. in an attempt
lo selve the problem with a rcalistic amount of computer effort, It is this
increasc in computing requirement that hus led to an increase in the use of
iterative linear equation solvers. While these may be more inaccurate than
direct solvers they are much faster. Also, during the initial stages of the 1tera-
tive process, an inaccurate solution for the displacements 1s acceptable.

In many ways structural problems that are nonlinear arc similar to nonlincar
problems in the feld of compultational fiuid dynamics. Analysts in computational
flutd dynamics who have (o solve problems similar to structural nonlinear pro-
blems might find the detailed modelling advice in Shaw (1992) useful.

10.4.2 Geometrical Nonlinearities

With the material nonlinearity problems described above the displacements and
strains in a structure may still be regarded as small. However, a second type of
nonlinearity. geometrical nonlinearity, 15 also possible where the displacements
are large. and this type nonlinearity is also defined by (14.2). Geometric nonlinear
behaviour i1s introduced into the finite element method by including the third term
of a Taylor series expansion in the definition of strains (see Sec. 2.2.4) and con-
structing the [k] using the same procedure as in Sec. 3.1.3. A simple example of
this behaviour 15 a buckled strut with mimperfections. As a general rule. most
buckling problems should be approached as nonlinear problems in which pre-
buckling deformations are taken into account. In these problems it is also possible
for the matertal nonlinearity to be present as well.

Buckling can ulso be solved using an ecigenvalue analysis similur to that for
free vibration. This type of analysis i1s often available in packages.

Analysis by the finite element method of problems such as mctat forming in a
press and impact response of, say. road vehicles requires a combination of mate-
rial and geometrical nonlinearities. These problems are therefore the most difficult
to model and solve with accuracy.
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10.5 CALCULATING THERMAL EFFECTS WITHIN
STRUCTURES

It is often required that the effects of heating or cooling a structure on its stress
and strain distribution need to be known. The thermal problem can be, effectively,
decoupled from the stress—strain problem through the use of an initial stress and
strain field as shown in Chapter 3.
To solve the thermal problem, equations of the form

&FTIT  IT

W—FW_F@_‘_Q:O (10.14)
are solved. This is Poisson’s equation where T{x, v, =} is the local temperature and
Q(x, v,2) 15 a local source of heat. A weighted residual form of this equation is
casily formed by multiplying the equation by some test function and then by
integrating by parts over the volume of an ¢lement. By using shape functions
and nodal temperatures, a finite element form of this is easily produced:

L () ) ] e
(10.15)

Here I denotes the volume of the problem and S denotes the surface bound-
ary. At the boundary ¢ither the temperature T or the normal derivative of tem-
perature can be the specified boundary conditions. In fact, one nodal value of T
must be given to ensure that (10.15) is not singular. Given a mesh of elements and
the boundary conditions, the value of temperature can be found from (10.15)
throughout the structure. These can then be converted to mitial strains {(see Sec.
3.1.1) within the structure and a new calculation can be carried out to find the
combined stresses and strains when external loads are applied as well. If the
temperature distribution is not constant, then the clastic constants will vary
through the body and afiect the structural behaviour as defined in (10.12).

10T
—dS =0
an

dv + L[N]
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10.6 REFERENCES AND FURTHER READING

Detailed technical information on the fundamental principles are given in texts
such as those by Cook er af. (1989). Cristield (1991). Hinton (1992). Hitchings
(1992), Morrs (1982) and Zienkiewicz and Taylor (1991}, Modelling issucs ar¢
also discussed in NAFEMS (1986} and Cook (1995). Both fundamental principles
and modelling issues are to be found in journals such as: Computers and
Strycrures. Pergamon Press; Finite Element in Analvsis wid Design. Elsevier
Science BV: frernationa! Journal for Numerical Methods in Engineering. John
Wiley.
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62, 66, 74-75, 80
requirements, 58-59
Dhsplay:
of geometry, 154, 167, 179
of results:
contour plots, 78, 96, 154, 158-159,
167-173, 182191, 203-204, 222,
226-230, 239-240, 244-245248

deformed geometry, 96, 158, 167168,
182-184, 203-204, 216, 2206, 238,
243244, 250-251
vector plots, 96, 158
Direct:
method;
solving simultaneous equations, 9, 16,
85-89, 149, 152
search method, 256-257
stiffness, 9, 13-15, 85-86
Diivergence, 253, 258
Domain creation, 129
Diawings, engincering. 3. 5, 44, 177, 240
Dwynamic magnification, 210
Dynamics of structure, 4, 43, 81, 101, 109, 127,
210, 213, 227, 249, 254-255

Eigenvaiue, 149, 255, 259
Eigenvector, 255
Elastic:
constants, 20, 29, 30, 33-34, 44, 81, 142, 165,
175, 194-195, 200, 213, 215, 260
range, 32, 34
Elasticity, 8, 18406, 53-54, 56, 202
classical, 9, 12, 14-15, 2%, 108, 161-163, 173
Element, 54-56
aspect ratio, 74, 121-122, 124, 156, 220, 222
axisymmetric:
formulation, 80
use of, 80, 101, 119, {21, 176
bar:
formulation, 54-535, 59-62, 66-68, 70, 72
use of, 112-113, 118-119, 209, 225, 238
beam:
formulation, 78-79
use of, 15, 112-113, 118, 120, 122,
124-125, 209, 214-220, 228, 248
brick, (see Element, solid)
characteristics, 11-15, 51-52, 57, 61-635, 75,
77-78, 80
compatibility, 53, 63, 79, 122
contact, 122-123
crack, 81
distributien of, 158
distortion of, 74
equations, assembly, 7, 52, 61, 62, 82-85
force vector, 11-14, 52, 56-57, 61, 82, 83
consistent, 51-52, 57-58, &0, 61-63, 72,
75-77, 146, 180
gap, 81, 85, 119, 123
hierarchical, 66
interior angles of, 74
lumped mass, 54, 253
master, 64568, 70, 74, 77, 166
membrane, (Se¢ Element, plane stress/strain
of membrane)
rodal degree of freedom vector, 11-13,
50-54, 56-58, 60-63, 72, 15-79, §2-83,
257



plane stress/strain or membrane:
formulation, 1314, 54-56, 61-65, 68,
70-75. 77-78. BO
use of, 82-85, 119-120, 124, 126-127, 130,
132-133, 136, 161-174
plate bending:
formulation, 33, 39, 77, 80
use of, 115, 121-122
requirements of, 53-54
shape functions, 11, 13, 51-52, 57-80, 177,
253, 260
shell:
formulation, 55, 59, 64, 77-81, 177,
195-197, 206
Mindlin, 80, 177, 195, 206
use of, 119-122, {24125, 148. 174,
177-184, 191, 195, 199-207, 210, 212,
220-231, 233, 235, 238-239, 250-251
solid;
formalation, 63, 74-75
use of, 80, 119-121, 123, 133, 196, 220,
241-245, 247-249
special, 47, 79, 81
stiffness matnx, (see Matrix, element
stiffness)
stress—hybrid, 57
sub—parametric, 63
super—paramettic, 65
transition, 81, 122
types, choice of, 63, 112, 120, 123, 125, 177
Embodiment design: 3
Energy:
method, 9-12, 15, 38, 47-52, 182, 253
Principle of complementary, 57
Principle of minimum potential, 10-12, 47-50
Engineering drawings, 3, 5. 44, 177, 240
Equations:
algebraic, 9, 14-15, 50, 52, 6!
assembly, (see Assembly of equations)
compatibility, 28-29, 39-41, 172
equilibrium, 37, 40, 53, 172, 205
stiffness, {see Stiffness, equations)
stress—strain, (see Stress, —strain relationships)
Equilibrium, satislying, 7, 20-235, 37, 53-34,
206, 212-213, 226
Errors, 93, 107, 137, 150
of discretization, 53-54, 70, 74. 79, 120
of distorting element, 124, 130, 148
estimation of, 15, 36
handling of, 5
of geometry modelling. 129-130
ol integration, 64
of off-set element, 122
residual, 88, 152
round—off, 56, 74, 81, 108, 117, 120
of solutien, 88-89, 135
in solving examples, 166, 171, 1 78-180, 182,
184, 206-207, 209, 243, 249
Essential boundary conditions, 14
Evaluation of designs, 3 4
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Examples:
bicycle [rame, 231-239
Brazilian tensile test. 161-174
composite Jaminate beam, 192-209
connecting rod, 239-245
machine support frame, 209-230
pressure vessel, 174-191
suspension arm, 246-249
vehigle body shell, 249-251
Explicit methods, 253
Eyc position, 155-156

Faces, of an element:
applying boundary conditions, 93, 143-146,
148, 180
finding free faces, 138
Failure criteria, 5, 23, 35-36, 108, 123, 141, 162
Tresca or maximum shear stress, 36
van Miscs’ or distertional, 36, 78, 154, 160,
168, 206, 222, 229-230, 239, 244
Fatigue, 4, 6, 30, 35, 43, 209-210, 212, 218, 220,
222, 227, 240, 243-234
Files:
ASCII, 107, 149, 151153
binary, 107, 151-152
command, 36, 109, 150-151, 153
data, 9697, 107, 150-152, 135
EBCDIC, 151
neutral, 97, 149
results, 151-152
Finite difference method, 7, 10, 42
Finite element method,
assembly of equations, 7. 52, 58, 61, 82, 84,
86
connectivity list, 84, 97, 118, 138, 149, 152
Galerkin methed, 10, 17
research, 7, 14-15, 120, 122, 130
shape functions, (see Element, shape
function)
stiffness matrix, (see¢ Stiffness, matrix)
test (or trial) function, 11, 260
variational form, 12, 47-3¢
Flexural modulus, 197-198, 206, 209
Force:
body, 19, 24, 25, 3840, 4849, 52, 76-77, 92
matrix method. 10
vecior:
element, (see Element, force vector)
global, (see Global, force vector)
Fracture, 30, 35-36, 68. 51
Free mesh, (see Mesh, free)
Free—face, 138-139, 144-145, 151, [54
Functional, 12, 48-51, 91, 256
Functions:
admissible, 12, 49, 50-51, 214, 223
cost, 256-257
objective, 256-257
shape, {see Shape, function)



270 INDEX

Galerkin method, 10, 17
Gauss:
-Legendre quadrature rule, 65, 72
points, 69, 72, 75. 77-78, 124, 168, 154
rule. 69
Seidel method, §7-88
Generalized:
coefficients, 59.-60, 62 -63
coordinates, 49- 50
Generation of design solutions, 3
Geometry:
creation, 129
description, choice of, 117
models:
wireframe, 112-115, 234, 247
surface, 114115, 129
solid, 115-117, 233
SOUrCEs:
analytical equations, 44
Computer-aided Design (CAD), 44, 74,
103, 113, 115, 129, 247, 250
enginecring drawings. 3, 5. 44, 177, 240
measurement of models, 44
specification, 44
surface, 1141135, 129
Global:
stiffness matrix, {(see Matrix, global stuiffness)
nodal degree of freedom vector, 14, 50,
52-33, 61, 77, 84
force vector, 12, 14, 32, 77. 84
Graphics:
CONCEpLs:
cuiting plane, 134, 158
eye position, 155-156
hidden—line display, 145, 157-158
magnification, 156, {82
target position, 135-156
up direction, 155-156
view area, 156
volume clipping, 157
zooming in, 133, 156, 227
hardware, 98, 100-101, 103, 107, 145,
152 154, 22
button box, 133, 156
mouse, 153
Visual Display Unit {¥DU), 153
software, 97 1003, 107, 141
using, 152-155

Half-bandwidth, 56. 86, 136 137

Hardware specification, 43, 56, 96 .101. 103,
106, 108

Heat transfer, 4, 6. 43, 82, 162

tinks to structure, 252, 260

Hidden—iine display, 134, 145, 157-158

Hierarchical elemems, 66

Hierarchy of entities, 113, 120, 128-129, 154,
177

Historical development, t, 616, 47, 50

Hooke's Law, 29, 32, 194
Homeogeneity, 25, 20-30, 33-34. 195, 213, 141,
161, 163, 174, 192-193

lll<onditioning, 74, 121. 124, 213
Implicit methods. 253
Inconsistent:
loading, 77
Initial conditions, 13, 32. 44, 45849, 52, 61,
76-77. 79, 81, 91-93, 95, 109, 149, 254,
257-258, 260
Instability of mesh, 75, 119
Integration, 47. 49- 50, 61, 64, 79
closed—form, 64
full, 75, 78, 253
numerical, 47, 64, 67, 73, 72-76, 253
in one dimension, 68-70
in two dimensions, 72
points, (sve Gauss, points)
reduced, 75
rule:
Gauss quadrature, 69
Gauss—Legendre quadrature, 69, 72
Newton—Cotes, 69
Simpson's, 69
Trapezoidal, 69
Interfacing software, 95-96, 103-104, 109, 129
[rregular mesh structure. (see Mesh, irregular)
[soparametric elements, 57, 62, 64-67, 70-72,
74-78, 80, 120, 128
Isotropy, 63
Iteration:
controlling, 149, 258
processes:
in design, 3, 93-94
in mesh generation, 130
to resolve nonlinearity, 83, 254, 258259
ta solve simultaneous equations, 86-89,
149, 152
with time variation, 254, 258-259
selution methods:
Crank—Nicholson, 253
conjugate gradient, 89
Gauss—Sewdel, 37-88
Jaco, 87
Iine relaxation, 28
multigrid, 89
point relaxation, 88
preconditioning, 8%
Stone's method, B8
successive overrelaxation, 88

Jacobi method, 87

Jacobian, 67-68, 72, 124
boundary, 76-77
matnx, 72

Joints, 109, 209-210, 246, 248
analysis of, 123, 204, 210-222, 243
fabrication of, 210, 233



pin-, 62, 148, 210, 212, 214-215
rigid-, 210, 212-220, 233

Keyboard, 153
Kirchoff's assumption, 195, 197, 199

Lagrangian;
elements, 67, 70-72, 76
strain, 25
Lamina, 193-195, 200
Laminate:
element. 195, 197, 201, 204-205
material, 36, 81. 192-198, 200, 202-203
Line relaxation method, 88
Load, 18-20, 4445, 4749, 80-81, 108-109.
119, 124
applied to examples, 85, 161-163, 165-166,
173-174, 176, 183, 189, 196, 201-202,
209 2112,
214-217, 223225, 231, 237-238, 241, 243.
246, 248, 252, 254
axial. 30--32, 35.-36, 3§ 39
axisymmetric. 80
boundary conditions, 36-37. 143, 146148
dead, (se¢¢ Dead, load)
disiributed, 13, 52, 61, 75-77
element nodal force vector, (see Element.
nodal force vector)
global nodal force vector, (see Global, nodal
force vector}
live, 18
Locking of mesh, 79, 108, 119, 122
LU decomposition, 86
Lumping:
load., 77
mass, 54, 81, 253
properties. 39. 80, 197, 204, 214

Machine support frame example, 209--230
Mapped mesh, {see Mesh, mapped}
Mapping. 65, 128
from/to master element, 65-68, 12
distortion, T0-T1, 73-74. 77,117, 122-124,
178, 200. 221, 244
Massively parallel computer. 98
Master:
degrees of freedom. 255
element, (see Element, master)
shape function, (see Shape function, master)
Material, 29-36
anisotropic, 30. 34, 44. 46, &1, 192-195, 197,
206, 209
britile, 35-36. 42, 161-163
carbon Hbre composite. 193-1%94, 196,
200-201
composite, 29 30, 32, 34, 36. 81, 141,
192209, 231, 246-249
orthotropic, 193-194, 201
plastic, 29-30, 32, 36, 174-175, 189, 191

iNpEx 271

properties, 20, 29-32, 34-36, 38, 4445, B,
92-93, 122-124, 141-142, {51, 193-195,

197, 206, 209, 257, 260

specification, 42-43, 141-142, 165, 173-176,
200, 213, 229, 237, 242, 247-248, 250

steel, 29-35, 45, 81, 167, 176, 213, 215, 229,
237, 239, 250

Matrix:

damping, 254

differential operator, 28, 51, 67

clement stiffness, 11-15, 28, 51-52, 56-58,
60-68, 70, 72, 74-75, 78-79, 81-83, 124,
195, 257, 259

global stiffness, 14, 50-53, 56, 59, 61, 77-78,
82-53, 149, 254255, 257-258

Jacobian, 72

mass, 253-255

material property, 33, 41, 48, 53, 57, 61-63,
72, 77,79, 81, 194195, 258

shape function, 51-52, 5768, 75-76, 719, 253,
260

spatial derivative(s} of ficld variableis). 51,
53, 37, 60, 62-63, 67, 69-T0. 72,

e

system matrix, 255

Yandermode, 60, 62, 64, 67, 79

Membrane deformation, {3, 4041, 62-63, 50.

82, 119-120, 124, 127, 161-174, 177,
P84-185, 188, 194195, 197, 199, 201,
206, 208

element, {sce plane stress/strain or membrane)

Mesh, 7. 44, 64. 93, 96, 111-139

adaption, 136
enrichment, 134-136
refinement, 53, 56, 109, 120-121, 123,
134-136
boundary, 92, 95, 130, 132
finding, 137-138
checking, 134, 137
generation, 44, 71, 73, 81. 92, 95, 112114,
117-120, 123-125, 128-129, 159, 177,
250
algorithms:
Delaunay triangulation, 130, 133, 135
advancing front method, 133
Qctree methods, 131, 133
Quadtrec methods, 131, 133
examples. 11, 56, 82-85, 131--136, lo6-167,
177-180. 199-200, 215, 22§-222, 234,
237-237, 241-242, 247, 250-25]
need for, L8
simple, 82-86, 114, t36, 145
using:
commercial software, §2
local software, 92
instability. 75, 119
locking, 108, 119, 122
parts:
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mesh {continued)
elements, 53, 56, 63, 77. 92, 94, 103, 112,
114, 117-140, 142-144. 147-148,

151152, 154, 157, 160-161. 165-166,
169, 174, 177-179, 199-200, 214-215.

221-223, 231, 235, 241, 247, 150, 259,

260
nodes, 92, 94, 103, 107, 114, 118, 122-123,
125-127. 130-140, 142-144, 147148,

152, 157, 159, 166, 174, 178-179, 200,

215, 222, 235, 250, 259
refinement, 59, JO8, 124, 134136, 161-191
h—, 109, 136, 169, 174, 179, 183, [89
hp-. 136
p—. 109, 136, 16t, 166, (6%
structure, 125-129, 136
comparison of, 56
determining, £14, 118, 125-128
regular, 10, 125-127, 135
irregular, 13, 125-127
topology, {see Mesh, structure}
types:
free (and unstructured), 74, 102, 125, 127,
129, 133, 138-139, 154, 160-16]. 166,
234

mapped (and structused), 10, 125127, 129,

135, 142-146, 154, 157160, 174,
177179, 221222, 241, 247
Millions of floating point operations per second
(MFLOPS). 100, 106
Mindlin theory, 79-80, 120, 177, 195, 197, 206
Minicomputer, 98, 101
Minimization, 9, 50-53, 256
Mitlions of instructions per second (mips), 100,
106
Mode:
failure of, 36, 45, 194
of instahility, 36
of vibration, 255
rigid-body, 59
shape, 252
Model checking, (see Checking, model)
Modulus:
elastic constants, 20, 29, 30, 33-34, 44, 8L,
142, 165, 175, 194-195, 200, 213, 215,
260
flexural, 197-198. 206. 209
section, (see Section, modulus)
shear, 34, 40, 154, 197199, 208-209, 214
Young's, 29, 32-35, 40, 44, 92, 141, 175-176,
194, 198, 209, 213, 237, 248
Mohr’s circle, 23, 23
Moment, 47-52
causing bending, 19-20, 40, 45, 79, 194, 198,
212, 214-217, 223, 225
—curvature expression, 79, 197-198, 204
Mouse, 153
Multigrid method, 89
Multi-pomnt constraint, {08

National Agency for Finite Element Methods
and Slandards (NAFEMS). 15, 80
benchmarks, 16, 71, 120
Natuoral:
boundary conditions, 14
coordinates 6478
frequency. 255
Need:
recognition of, 2
Network, 97-98, 109, 153
Neutral files. 97, 149
Nodal:
degree of freedom vector. element, {(see
Element. nodal degree of freedom
veclor)
Node:
interior, 68-7%, 74, 77
numbering, 136-137
Non—dimensional quantities, 162-172
Nonlinearity, 86, 109, 140, 149, 254
of geometry, 7. 19, 44, 9], 259
of material properties. 7, 15, 34-35, 44, 102,
168, 162, 251, 253, 259
Number crunching, 9698
Numerical:
control parameters, 92, 95, 149, 235, 252
error, 36, 64, 70, 74, 81, 90, 108, 117, 122,
124, 130, 135, 166, 178, 180, L83, 209
integration, 47, 64, 68-70, 72--76, 253
solution process, 82-89, 119, 122, 135, 137,
147
Non-uniform rational B-gpline {(NURBS}, 115,
129

Objective function, 256-257

Objectives, 246

Qctree methods, 131, 133

Optimization. 13, 101-102, 140, 149, 171, 252,
255-257

QOrthotropic material, {sve Material. orthotropic)

Parailel computer, massively, 16, 97-98
Parent, {see Master)
Partial differenual equations, 6-14, 24-25,
36-37, 54, 82, 91, 103, 109, 129, 136,
142
Pascal's triangle, 63, 71
Patch test, 59, 80, 119-120, 177
Pattern search method, 256
Peripheral devices. 97-100
backup devices, 98, 100
graphics displays, 97. 100, 134, 152 154
hardcopy devices, 160
data storage, 98, 106
Personal computers, 97, 100. 107
Pixel, 100, 153
Plane:
clement, {see plane stress/strain or membrane)
strain. 10, 13, 4142



stress, 13, 4042,
example of, 161-174
Plastic material, (see Material, plastic)
Plasticity, 7, 15, 34-35, 44, 102, 168, 251
Plates, 13, 36-37
element for bending, (see Element, plate
bending)
element for membrane action, {see Element,
plane stress/strain or membrane)
Ploiting, (see Display, contour plots)
Paint relaxation method, 88
Poisson's:
equation, 260
ratio, 29, 32, 44, 92, 175-176, 194, 213, 237,
248
Polymer, 174-175
matrix, 193-194
Polynomial, 11, 49-50, 54, 57-63, 69-75,
113-115, 136
incomplete, 63
Legendre, 69
Post-processing, 16, 94-98, 103, 106, 108, 109,
137, 150, 153 154, 156, 158, 182,
185-186,
204-207, 226, 238, 241
results analysis, 151-159
soltware tools, 94, 96, 103, 153158
Potential energy, 9-12, 47-51
Principle of minimum, 10-12, 47-50
Pre—processing, 6, 16, 94-96, 106, 152-153, 160,
195, 200, 214, 241
stages in process, 94-95, 129-130
geometry generation, 94, 129-130
mesh generation, (see Mesh, generation)
setting boundary conditions, 93, 141-t48
setting initial conditions, 95
setting numerical solution parameters, 93,
149
sottware tools, 94-96
Preconditioning methods, 89
Pressure vessel example, 174191
Properties of a material, (see Material,
Modulus, Poisson’s ratio, strength)

Quadrature, (see Integralion, numerical)
Quadtree methods, 131, 133
Quality assurance (QA), 103-104
Quasi:
—isolropic, 201, 204
—static load, 210-211

Random Access Memory (RAM), 97-100, 106
Rayleigh~-Ritz method, 9, 43-350
Refinament:
mesh, 59, 108-109, 124, 134-136, 161-191
model, 94, 159-160, 161-191, 209-231
Regular structure:
geometry, 141
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mesh, 110, 125-127, 129, 135, 142-146, 154,
157-160, 177-179, 199-200, 222, 241,
247
Relaxation:
method, 9
successive over—, 83
parameter, 148, 253, 258-25%
point, 88
technique, 258
Residual:
error, 88, 152
metheds,
weighted, 10, 15, 261
stress, 48, 81
Restraints, 6, 39, 43, 44, 84-85, 92, 146-148,
150
of examples, 164-165, 175-177, 180-183,
201-202, 215, 222-223_ 238, 248, 250
Results analysis, 43, 53, 78, 81, 9394, 108-1140,
124-124, 135, 141, 152-154, 157-158§,
from ASCII files, 151-2
of examples, 161-250
using graphics, 16, 96-98, 103, 108, 109, 137,
150, 153-154, 156, 158, 185-186,
204-207, 226, 238
Requirements:
ot the analysis, 4243, 112, 161, 164,
174-175, 185, 192, 196-197, 209-212,
220, 231, 240, 246, 249
of displacement distributions, 58-59
Rigid-body modes, 59

Saint-Venant's principte, 38-39, 186, 223
Search method:
direct. 256
pattern, 256-257
Section:
modulus, 197-199, 208-209
properties, 215
Semi—discrete form, 253
Sensitivity analysis, 257
Shape function, 11, 13, 51-52, 57-80, 253, 260
Hermitian, 66
Lagrangian, 67-68, 70-72, 77
master, 64-67, 7071, 7475, 77, 80, 177
matrix, {see Matrix, shape function)
serendipity, 70-71, 74
Shear:
deformation, 78-80, 195-200, 208209
force, 198, 206, 212, 216, 223
modulus, 34, 39-40, 194, 197-198, 208-209,
2i4
strain, 25-29, 32-37, 3942, 206
stress, 21-25, 32-37, 3942, 77, 164, 168171,
177, 208206, 216, 225
Shell:
element, (see Element, shell}
theory, 79-80, 197
Mindlin, 80, 120, 177, 195, 206
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Simultaneous cquations, 9-10, 52-53, 58, 77
solution:
dircct method, 85-86
iterative methods:
Crank- Nicholson, 253
conjugate gradient, §9
Gauss Seidel, 8§7-88
Tacobi, 87
line relaxation, §88-89
multigrid relaxation, 89
poinl relaxation, 88
preconditioning, 89
Stone's, 88-89
successive overrelaxation, 88
Singularity, 68, 161-163
Slender;
members, 9, 17, 45, 56
Software:
commercial, {see Commercial, software)
perpetual licences, 104-105
specification, $4-97, 102-106
suppliers, 103-110
Solid element, (see Element, solid)
Solid model, 112, 115-117
B-rep. 115117
Constructive Solid Geometry (CSG),
115-117, 233
of bicycle frame, 231-234
of connecting rod, 240-241
Solulion:
accuracy, 36, 77-78, 81, 119-125, 134—136,
142 1352
of examples, (see Accuracy, of examples)
checking, 93-94, 150, 159
comirel, 92, 93, 149152, 253
of linear simultaneous equations, §5-89
direct methods, 85-86
iterative methods, 85
Crank—Nichoison, 253
conjugate gradient, 8%
Gauss—Seidel, 87-88
Jacobi, 87
line relaxation, 88—8%
multigrid. 89
point relaxation, 88
preconditioning, 89
Stone’s, 88-89
successive overrelaxation, 8%
singuiar, 82, 151, 260
stabality, 234

Solver. 83, 94-97_ {03, 107-109, 111, 122, 136,

140, i49-153, 159, 167, 182, 195-196,
204, 252-253, 258-259
running, 107-108, 150-151, {67, 182
re-running, 159
Specification:
design, {see Design, specification)
hardware, 43, 56. 96-101, 103, 106. 108

geometry of examples, 162, 164165,
174-175, 177, 199, 211, 214-215,
22222, 225, 231, 233 240-241. 247

geometry of structure, 44

material properties, 42—43, 141-142

for examples, {se¢ Matenial, specification}

of problem, 2-3, 4245, 92, 111-112, 162,
171-177, 196-197, 210-212, 232,
240241, 246, 249

software, 102-106

Speced:
of solution, 55-56, 96-103
Split tensile test example, {see Brazilian test
example)
Steel:

trame, 9, 209-230

material, (see Material, steel)

members, 45, 198, 205-230

Stiffness:

equations, 13-15, 50-53, 61, 82-85, 98

matrix, 11-15, 28, 50-53, 56-58. 60-68, 70,
72, 7475, 77-79, 81-85, 124, 144, 195,
254-255, 257-259

method:

ditect, 9, 13-15, 85-86
Stone's method, §8-89
Strain:

axial, 25-29, 32-36, 3941, 56, 67, 78

—displacement relationship, 27-28, 51, 64

direct, (see Strain. axial)

energy, 12, 48-51, 57-78, 75

cngineering, 25-27

imital, 13, 48-51, 61, 76-77, 81, 92, 260

Lagrangian, 25

normali, {yee Strain, axial)

plane, 13, 13, 41, 54, 62, a4

principal values, 28

shear, (see Shear, strain)

troe, 27

Strength:
yield, 32, 35-36, 45, 160, 213, 222, 228-230
ultimate, 35-36, 45, 123

Stress:

at a point, 20-21. 25

axial, 21-25, 30-42, 56. 79-80, 216 -24%

concentration, 108, 135 136, 160, {6]-174,
223

distribution, 10, 57, 123, 260

direct. (see Stress, axial)

engineering, 20

experimental, 30-36, 246, 248

from elements. 14, 53, 61-63, 75. 77 78, 119,
123, 152, 166, 168, 183-185, 220. 258

from isoparametric elements, 77-78

functions (Airy), 6, 14, 17, 4142, 162

gradient, 127, 161, 165-166, 168-174

~hybrid element, 57

infinite. 163

initial, 48-49, 32, 61, 76-77. §1. 92, 260

intensity, 96



from laminate, 196-197. 204- 208

logal, 209

mean, 6, 244

normal, {see Stress, axial)

peak, 43, 117, 212, 227

peel, 205

plane. 13, 4041 61- 64, 80. 161.-174

plots, 78, 96, 154, 158-159, 167-173,
184-191, 226-230, 239-240, 244245,
248

principal values, 23, 28 36, 78, 160. i85-189,

206, 227229
proof, 35
range, 6, 183
residoal, 48, 81
resultants, 194
shear, (see Strain, shear)
-gtrain relationships, 6, 8, 30-34, 48, 50, 61.
64, 79, 81, 168, 172, 194, 260
superaccurate, 78
superconvergent, 78
tensor, 21
total, 21
von Mises’, 154, 139, 160, 168, 206, 222,
220-230, 230, 244
yield, (see Strength, yield)
Structured mesh, (see Mesh, mapped)
Structures:
load—heaning, 18-20
Sub—
region model, 9-13, 69, 92
parametric element, 65

structuring, 108, 121, 191-192, 210, 2135, 218,

220-230
Successive overrelaxation method, 88
Supercomputers, 88, 98, 101, 107
mini-, 98, 101, 152
Super—parametric element, 63
Superposition, principle of 32
Surface:
descriptions, 44, 73-74, 112-117, 128-129,
{77, 234-235, 247
Bezier, 114115, 129
Coons, 114, 129
Non-uniform rational B-spline (NURBS),
115,129
tractions, 37, 4849, 51-52, 76-77
Suspension arm example, 246-249
Symmetry, 108, 1i7-118, 161, 164166,
173-174, 176-177, 180, 182-183, 194,
199, 211, 225, 241
axial, 118
boundary condition, 118, 165, 182, 201-202,
243
cvchie, 118
marror, 118, 162, 174, 1’16, 199, 243
repetitive, 118

Target position, 135-156
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Taylor series. 24, 26-27
Thermal, 4. 6, 43. 81-82, 102, 127, 160. 260
conductivity. 29
effects on stroctore, 4, 81, 109, 252, 260
elements, 55, 81
Poisson’s equation, 260
Three dimensions;
meodification from (wo dimensions, 55-56,
120, 129
numerical integration, 72
Time:
dependence, 18, 30, 43, §1, 101-102. 140,
210, 252255
Explicit methods, 253
[mplicit methods, §9, 253
variation, 56, 85, 254-255
Topology, of mesh, 125-126, 136
Torsion, 9. 19, 39, 249
element, 214
Tractions, surface, 37, 4849, 52, 77
Transformation:
axis, 23. 28, 61, 78, 125, 157, 194
consistent, 51-32, 61-62, 75-77, 146, 180
Tresca criterion, 36
Troubleshooting. 140. 150-151

Universities. 1. 7, 14, 71, 110
Unstructured mesh. (see Mesh, free)
Up—direction, 155-156
User, 96, 98, 100, 107, 137, 145, 150, 200

current, 105

end-, 110

experience, 93-95, 104, 111, 127, 135

friendliness, 95, 104-105

of graphics, 152-159

interface, 96, 104

tnulti-, 97-98

single—, 97

programmed—, 152

successful-, 108111

support, 16, 34, 71, 79, 104-106, 110
Utility programs, 94, 96-97

Vandermode matrix, (se¢ Matrix, Vandermode)
Variational formulation method, 9-10, 12, 15
Variational, Calculus of, 9-10, 12
Visual Display Unit (YDU), 95, 153
Vector plots, 96, 154, 158-159, 167
Vehicle body shell example, 249-251
Vibration, 4, 43, §1, 101, 109, 127, 210, 213.
227, 249, 254-255
mode of, 255
View area, 156
Visual display system, (see Visual Display Unit}
Yisualization, 108, 117, 134, 139
of results, 23, 152-153
Yolume clipping, 157
Volume fraction, 141, 195
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von Mises™:
criterion, 36, 78, 154, 160, 168, 229

stress, 154, 15349, 160, 168, 206, 222, 229-230,

239, 244

Weight, (see Load, dead)
Weighted:
residual method, 10, 15
Welded joints, [75, 209-231
Windows, lcons. Menus, Pull-Down Screens
(WIMP3S), 95
Workstations, 97-98, 101, 107, 145, 152-153

Yield, 35-36, 160, 163, 168, 229

criteria, 36, 78, 154, 160, 168, 229

point, 35-36

jower, 35

upper, 35

strength, {see Strength, yield)

siress, {yee Strength, yield)

Young's modulus, (see Modulus, Young's)

Zooming-in, 153, 156, 227



